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Micromixers are vital components in micro-total analysis systems (μ-TAS) and Lab-on-
Chip (LOC) devices, with applications in drug delivery, medical diagnostics, and chemical 
analyses, amongst others.  Traditional macroscale mixing techniques may not be applied 
at the microscale, where viscous forces become important compared to inertial forces.  
As such, it remains a challenge to effectively and thoroughly mix liquid species in small 
characteristic dimensions.   
 The present work aims to analyze flow phenomena and mass transfer in three 
novel scaled-up micromixers, which make use of variations in channel geometry to 
induce mixing.  Designs based on multi-lamination inlets, obstruction filled channels, 
Dean vortex inducing curved channels, and helical flow inducing grooves are 
investigated.  Flow visualization is used as a qualitative tool, providing valuable 
information regarding flow patterns and mixing.  Induced fluorescence is applied to 
assess whole field concentration distribution, and provide quantitative species 
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distribution data.  Complex three dimensional flows are analyzed using numerical 
simulations, which show good agreement with experimental work.  
  The mixers are evaluated over Reynolds numbers ranging from 0.5 to 100, 
corresponding to Péclet numbers ranging from 1.25 × 103 to 1.25 × 105.  Results show a 
decreasing-increasing trend in the degree of mixing with increasing Reynolds number, as 
the dominant mixing mechanism changes from mass diffusion to mass advection.  Up to 
90% mixing is reported.  To allow for reasonable mixing performance comparison with 
published work, an equivalent length parameter is proposed.  The present devices offer 
good mixing in shorter lengths over a wide range of Reynolds numbers compared to 
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  With the trend towards the miniaturization of devices in the biological, medical 
and chemical industries, the study of microfluidics and microfluidic components has 
attracted much attention over the past decade.  Benefits associated with microscale 
fluidic devices include reduced sample consumption, reduced operation time, smaller 
footprint areas, and ease of integration into portable analysis systems.  At the 
microscale, viscous forces and surface tension become important factors compared to 
inertia.  As such, it is essential to develop an in depth understanding of fluid dynamics 
and transport phenomena at the microscale.  
  Micro-total analysis systems (μ-TAS) are comprised of numerous individual and 
interrelated elements, including micro-pumps, micro-valves, micro heat exchangers, 
micro-reactors, and micro-mixers.  Each independent element is critical to the overall 
operation and performance of the μ-TAS, and must be studied extensively prior to 
implementation in a complete system.  Micromixers are integral components in micro-
total analysis systems, with applications in the fields of drug delivery, medical diagnosis, 
food engineering, and chemical and DNA analyses, amongst others (Jeong et al. 2010).  
In many such applications, it is essential to thoroughly and rapidly mix two or more 
species for a chemical reaction or homogenization to occur.  Due to the small 
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characteristic dimensions of such devices, large pressure drops result.  In practical 
applications, flow at the microscale is therefore supplied at low flow rates, which fall in 
the laminar regime.  As a result, the turbulence applied to macroscale mixing is not 
feasible.  It thus remains a challenge to effectively and thoroughly mix multiple species 
in microfluidic devices.  To further develop μ-TAS for lab on a chip (LOC) applications, it 
is essential to develop micromixers with increased mixing efficiency, reduced pressure 
drop, and short mixing length and time.  The study of microfluidics, namely the 
principles of mass transport at the microscale, is thus indispensible to the advancement 
and widespread implementation and production of microfluidic devices.   
Flow visualization is a widely implemented and useful technique used to analyze 
liquid flow patterns.  To analyze the distribution of species along micromixers, induced 
fluorescence (IF) has been employed by several research groups.  This non-invasive 
optical technique allows for the qualitative and quantitative concentration distributions 
of species to be evaluated.  From such information, the mixing efficiency may be 
assessed.  Numerical simulations have been widely applied to the study of micromixers, 
and are indispensible when used to understand complex flow patterns which are not 
easily discernible by experiment alone.    
The present study evaluates the species distribution and mixing efficiency of 
three passive scaled-up micromixers through use of flow visualization and induced 
fluorescence.  When analyzing complex, three dimensional flow fields, numerical 
simulations are used as a tool of assistance. 
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  Chapter 2 presents an extensive literature review of the state of the art in 
micromixing techniques, with a focus on passive micromixers.  Chapter 3 presents the 
experimental facilities and techniques used in the investigation, including details of the 
induced fluorescence technique.  The details of numerical analysis are also introduced.  
A novel comparison technique, which allows the mixing performance of devices of 
various scales to be reasonably compared, is also proposed.  Chapter 4 presents the 
experimental evaluation of a parallel lamination micromixer with tear drop obstruction 
elements, while chapter 5 presents the experimental and numerical evaluation of a 
serpentine channel micromixer with slanted grooves.  Based on the advantages of the 
aforementioned designs, chapter 6 presents the experimental and numerical study of a 
flow dividing micromixer with grooves and a multi-lamination inlet.  Chapter 7 





Literature Review  
 While a definitive categorization for micromixers does not exist, micromixers 
have been broadly categorized as either passive or active (Nguyen and Wu 2005, Hessel 
et al. 2005, Aubin et al. 2010, Elmabruk et al. 2008).  Active micromixers make use of 
external fields and forces to promote mixing, while passive micromixers take advantage 
of repeated variations in channel geometry to induce mixing.  The aforementioned 
micromixer categories may be further divided based on operating principle, mixing 
mechanism, or geometry, although classification is left to the discretion of the author.  
While both gas and liquid mixing have been presented in the literature, the focus of this 
work is on liquid-liquid mixing.  A review of recently developed micromixers and 
pioneering micro-mixing principles follows.   
2.1 Active Micromixers  
  Active micromixers rely on time-dependent external disturbances to induce 
mixing.  In general, active micromixers are able to achieve more thorough mixing than 
their passive counterparts due to the use of chaotic advection as the primary mixing 
mechanism.  A wide variety of active mixing techniques have been investigated to date. 
  Moving components within a microchannel disturb the fluid interface and 
promote mixing.  Hsiung et al. (2007), for example, experimentally and numerically 
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studied a micromixer based on pneumatically driven moving side walls, and reported a 
mixing efficiency of over 90%.  Mixing was achieved as a result of the stretching and 
folding of the fluids in a significantly reduced channel diameter.  To physically disturb 
fluids, the application of artificial cilia on microchannel walls was studied numerically 
(Khatavkar et al. 2007) and experimentally (Vilfan et al. 2010), where artificial cilia were 
placed in a magnetic field.  Electrostatic attraction forces were used by den Toonder et 
al. (2008) to actuate artificial cilia and promote mixing.  
  Magneto-hydrodynamic disturbances have also been applied to promote vortex 
formation at the microscale (Affanni and Chiorboli 2010), however their application is 
limited to the use of electrolyte solutions (Nguyen and Wu 2005).  The use of magnetic 
nanoparticles, or ferrofluids as a stirring mechanism has also emerged as a micromixing 
technique (Wen et al. 2009).   Acoustic waves promote large disturbance forces and fast 
mixing by perturbing a fluid interface.  This may be achieved by surface acoustic waves 
(Luong et al. 2011, Yeo and Friend 2009), or through use of oscillating trapped air 
bubbles (Ahmed et al. 2009 a,b).  At frequencies of approximately 50 kHz, however, 
ultrasonic mixing may lead to temperature increase and possible cavitation - events 
which are highly damaging to biological samples (Lin et al. 2011, Nguyen and Wu 2005).  
Additionally, large shear gradients may arise along cell membranes at the low frequency 
operation typical of conventional acoustic driven micromixers, rendering these devices 
unsuitable for biological-based microfluidics (Yeo and Friend 2009).   
6 
 
  Active micromixers typically require external power supplies and components, 
rendering them bulky, more costly, challenging to fabricate, and difficult to integrate 
into micro-total analysis systems.  Additionally, effective operating ranges may be quite 
limited.  For these reasons, passive micromixers, which make use of channel geometry 
to induce mixing, have been studied intensely.    
2.2 Passive Micromixers  
  Passive micromixers may be divided based on a variety of mixing techniques 
and principles.  While no strict standard exists for their further classification, several 
authors have categorized these passive devices based on the primary mixing 
mechanism, namely molecular diffusion or mass advection (Nguyen 2007).   
At the microscale, a lack of turbulent flow renders traditional macroscale mixing 
techniques inapplicable.  At the low Reynolds numbers employed in micromixing 
devices, diffusion remains an important mass transfer mechanism.  Diffusive transport is 
dependent on the interfacial species area as well as the concentration gradient, and is 




Djdiff -=   (2.1) 
where jdiff is the flux of diffusion, D is the diffusion coefficient, and dC/dy represents the 
concentration gradient of the species.  As diffusive transport relies on molecular 
transport across a concentration gradient, it is typically a rather slow process.  Various 
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micromixers operate on the principle of reducing lamellae width to enhance the 
interfacial area while reducing the path of diffusion.   
Chaotic advection relies on the continuous stretching, folding and breaking-up of 
fluids caused by transverse flow.  The mass flux resulting from advection, jconv, may be 
represented as (Nguyen 2007):  
 VCjconv =  (2.2) 
where V is the velocity vector and C is the concentration.  It is worth noting that 
advection increases the interfacial area available for diffusion, and thus may reduce the 
path of diffusion.  The balancing of mass fluxes is well known as the advection-diffusion 
equation.  
As a given micromixer may be diffusion dominant or advection dominant 
depending of the range of operation, micromixers are further classified in this work 
based on their geometry.   
2.2.1 Parallel Lamination Inlets  
  The most basic parallel lamination micromixers are those with simple T- and Y-
inlets, where diffusion occurs along the interface of the two supplied species.  Due to its 
elementary nature, this type of structure has been used as a reference for mixing 
performance comparison by many authors.  As fast mixing in parallel lamination devices 
is achieved by increasing the species interface area and reducing the path of diffusion, 
species may be divided into multiple lamellae and combined prior to entering the main 
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channel, typically through interdigital inlets.  The reduced characteristic widths of the 
lamellae allow for a reduction in diffusion path, and thus reduced mixing time.  In 
traditional even lamella width mixers, n substreams theoretically allow the channel 
length to be reduced by a factor of n2 (Nguyen 2007).  An early introduction to multi-
lamination mixers was given by Bessoth et al. (1999), who used distributive mixing to 
physically split fluids into multiple thinner striations, which were then re-arranged and 
recombined.   
Hessel et al. (2003) experimentally investigated three interdigital inlet designs: 
rectangular, triangular and slit-shaped, as shown in figure 2.1.  Each consisted of 2 × 15 
feed microchannels with widths and depths of 60 μm and 150 μm, respectively.  The 
rectangular mixer, which was unable to achieve sufficient mixing, was evaluated over 












from 6.41 × 103 to 1.07 × 106.  The triangular device resulted in more uniform 
concentration profiles compared to the rectangular mixer.  This demonstrated the 
ability of the focusing structure to improve mixing by reducing lamella width.  At Re ≥ 
170 (Pe ≥ 5.34 × 105), the formation of additional lamellae was observed along the 
channel length; a definitive cause was not identified.  Additionally, lamellae were found 
to be thicker in the center of the channel, and decrease in size toward the sidewalls.  
This was attributed to the orientation of the inlets (parallel) in comparison to the angled 
channel walls.  It was concluded that lamella thickness is slightly dependent on channel 
geometry.  The slit-shaped interdigital inlet, evaluated over 85 ≤ Re ≤ 1702.94 (2.67 × 
105 ≤ Pe ≤ 5.34 × 106), led to recirculation zones and broken lamella after species were 
focused to reduce lamellae width.  At higher flow rates, jet formation induced eddies in 
the expansion region of the mixer, leading to enhanced mixing compared to the 
previous two designs.  Significant tilting of species interfaces was observed (Hardt and 
Schönfeld 2003).  To further improve mixing, the SuperFocus design was developed, 
with a total of 124 microchannels and a focusing structure.  A pressure drop of 
approximately 250 kPa was reported at a Reynolds number of 4427 (Pe = 1.39 × 107). 
Further to their work, Löb et al. (2004) proposed a semi-analytical model to 
compare mixing in the rectangular, triangular and SuperFocus mixers.  The SuperFocus 
allowed for lamellae of equal width to be created, as a result of its curved inlet 
structure.  The mixing length and time of the SuperFocus mixer were reduced by several 
orders of magnitude compared to the rectangular mixer at 8 L/h (Re ≈ 4427).   
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Wu and Nguyen (2005) presented an analytical model for 2D convective-diffusive 
transport in parallel lamination micromixers, and concluded that the Péclet number was 
the most important parameter in parallel lamination micromixers; low Péclet numbers 
showed higher mixing efficiency.  Cerbelli and Giona (2008) investigated the manner in 
which the degree of lamination affects mixing length for various flow profiles, and 
challenged the commonly accepted belief that the mixing length is approximately equal 
to the lamella thickness squared.  The authors concluded that the mixing length is highly 
affected by flow profile, and that a general scaling between lamellae thickness and 
mixing length cannot be assumed.  
Parallel lamination inlets have been shown to be effective mixers by significantly 
reducing the path of diffusion and increasing the area available for diffusion.  Complex 
inlet structure and the requirement for precision alignment are drawbacks, however.  
2.2.2 Split and Recombine  
Alternate means to rapidly reduce the path of diffusion and increase the 
interfacial species area have been developed in the form of split and recombine (SAR) or 
serial lamination micromixers.  These devices, which typically involve rather complex 
three dimensional structures, periodically divide species horizontally (or vertically) and 
recombine them vertically (or horizontally) to rapidly increase the number of striations, 
as shown in figure 2.2.  Theoretically, the number of interfaces after the nth SAR unit 
increases from 1 to 2n+1 – 1 (Xie et al. 2011).   
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Li et al. (2010b) proposed a split and recombine micromixer with 16 mixing units 
for fast mixing.  The main channel width and height of their mixer measured 1 mm and 
0.4 mm, respectively, while each mixing unit was 1 mm in length.  Their device 
periodically divided species vertically, and rearranged them horizontally, to produce 
multiple striations.  For each of the two fluids used, optimal mixing coefficients of 0.11 
and 0.12 were reported at 100 μL/min (Re ≈ 2.4), where a value of 0 represents 














1st SAR 2nd SAR 



















channel with minimal resistance.  As resistance was not equal on both sides of the 
mixer, sub flows did not contain equal amounts of each species, leading to uneven 
mixing.  To improve the performance of their device, Li et al. (2010a) introduced a shim 
divider to force fluids to divide prior to entering sub channels.  The resultant mixing 
efficiency parameter was 0.065 for both fluids – a marked improvement compared to 
the previous design.  
To increase the interfacial species area, Xie et al. (2011) numerically optimized 
and experimentally investigated a 2-layer SAR micromixer with a cross section of 100 
μm × 200 μm (width × height).  Over 0.3 ≤ Re ≤ 3, mixing increased with increasing 
branch angle, as did pressure drop.  This was a result of chaotic advection caused by 
increased inertia.  Using a viscous mixture of 95 % glycerol – 5 % water, complete mixing 
was achieved at Re ≈ 0.0053 after 25 mixing elements, corresponding to a linear mixing 
length of 10 mm.  Using 5 % glycerol – 95 % water, the mixing length ranged from ≈ 3 
mm at Re = 0.052 to 7.6 mm at Re = 3.09.  Owing to the fluid viscosity, lamination 
patterns are not as shown in figure 2.2.  An increasing-decreasing trend in mixing length 
was observed with increasing Re, with an inflection point at Re ≈ 3.09. 
  Lim et al. (2011) proposed a three-dimensional crossing manifold micromixer 
with sequential horizontally and vertically crossing tube bundles.  The cross section 
measured 50 μm × 50 μm.  Species were repeatedly spilt and recombined along the 
channel length to increase the number of striations.  In their six-layer device, the degree 
of mixing increased rapidly along the channel length.  The non-uniform momentum in 
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the channel caused the fluid layers to deform slightly, leading to increased surface area 
and enhanced convection.  Two species were divided in to 36 segments at a distance of 
250 μm from the inlet, and 90% mixing was reported at Re = 1 (Pe = 103), with a 
corresponding pressure drop of 970 Pa.  At Pe = 102 and Pe = 104, 98% and 74% mixing 
were reported, respectively.   
  While rapid lamination is achieved with SAR devices, they may be limited by 
complex fabrication and the need for precision multi-layer bonding.  
2.2.3 Bas-relief Structures   
To generate transverse flows in micromixers, slanted bas-relief structures, or 
grooves, have been placed along channel surfaces.  These structures create an 
anisotropic pressure gradient; resistance to flow is lower along the direction of the 
grooves than orthogonal to the structures.  The resultant helical flow enhances mixing 
by stretching and folding fluid over the cross section of the channel.     
Stroock et al. (2002) experimentally investigated the effect of grooves and 
herringbones on helical flow and mixing in a Y-inlet micromixer, as shown in figure 2.3.  
They defined chaotic flow as the exponential stretching and folding of volumes of fluid 
as a function of the axial distance travelled by the volume.  The authors proposed a 
design to achieve chaotic stirring at Re < 100 by creating transverse flows; slanted 
groove structures at the base of the microchannel induced helical flow patterns.  They 
found the same qualitative patterns for Re < 100.  Further to this design, the authors 
investigated the staggered herringbone micromixer (SHM), which created two counter-
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rotating vortices.  The change in herringbone orientation changed the position of the 
centers of rotation.  The efficiency of the SHM was controlled by the asymmetry of the 
herringbones, and the amplitude of the fluid rotation in each half cycle, which is in turn 
controlled by the geometry of the herringbones and the number of herringbones per 
half cycle.  Symmetric herringbones showed non-chaotic flow structures.  When the 
asymmetry parameter was set to 2/3, most of the cross sectional flow was chaotic.  A 
groove angle of 45° with the flow direction was optimal.  Once again for Re < 100, the 
flow patterns were qualitatively similar.  The authors used fluorescence dye with 
confocal microscopy to evaluate mixing in an unobstructed, slanted ridges, and 
staggered herringbone Y-inlet micromixers.  They found mixing was negligible in the 

















demonstrated good mixing for a range of Pe numbers (up to 9 x 105).  The number of 
filaments increased and their thickness decreased as a function of the number of mixing 
cycles.  Ninety percent mixing was achieved at 0.7 cm for Pe = 2 x 103, and 1.7 cm for Pe 
= 90 x 105.  The 90 % mixing length increased linearly with ln(Pe) for large Pe.  
  Further to their work, several authors have focused on optimizing the geometric 
parameters of groove-enhanced micromixers.  While general guidelines have been 
established, it is important to note that each optimization is valid only for certain 
operating conditions.  A universal optimal layout has not been established.  
  Yang et al. (2005) numerically investigated the effect of a variety of geometric 
parameters on fluid mixing in staggered herringbone micromixers at Re = 10 and Pe = 2 
× 104.  Mixing was significantly improved with increasing depth of groove, where small 
vortical structures were observed in the vicinity of the grooves.  Asymmetric groove 
lengths were favourable due to enhanced transportation capabilities; the longer arm 
transported fluid from one side of the channel to the other.  Additionally, the alteration 
of asymmetric vortices, caused by asymmetric branches, provided a higher degree of 
mixing.  Mixing due to the implementation of herringbones was a result of both 
molecular diffusion and bulk advection.  Vortical motion along the channel and within 
the grooves stretched and folded the fluid interface.   
Lynn and Dandy (2007) reported that flow directly above the grooves is viscously 
affected by the flow contained within the groove, while flow over the ridges is viscously 
affected by the recirculation above the ridges.  This region appeared to hinder the non-
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axial transport of the fluid in the direction of the grooves, reducing the total helicity of 
the flow.  As such, the authors numerically investigated the effect of groove spacing on 
mixing in a slanted groove micromixer (SGM) at Re = 0.02, hypothesizing that a 
reduction in ridge width would increase helical flow and the degree of mixing.  
Decreasing the width of the ridges increased the magnitude of helical flow above the 
grooves by up to 50%.  Additionally, the magnitude of helical flow increased with 
increasing groove depth ratio for ratios ranging from 0.09 to 2.  Contrary to previous 
work, the authors found that the channel aspect ratio had a significant effect on helical 
flow.  The authors stated that these observations may be extended to SHM devices.  
 Making use of reduced width ridges, Choudhary et al. (2010) numerically and 
experimentally investigated changes in the center of rotation along the transverse and 
longitudinal directions in four micromixers with varying arrangements of herringbone 
structures.  Mixing was attributed to the production of counter-rotating vortices of 
varying sizes, with changing centers of rotation. The device with asymmetric 
herringbones on the top and bottom surfaces produced the highest average helicity and 
vorticity at Re ≤ 10. 
Yang et al. (2008) modified the classic slanted groove mixer by introducing 
grooves along the sidewalls, in a device known as the connected-groove micromixer 
(CGM).   Three devices were developed and compared to the basic SGM over 1 ≤ Re ≤ 
100.  The design with staggered slanted grooves and sidewall grooves outperformed all 
investigated devices, and showed over 50% greater mixing than the standard SGM over 
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the investigated Reynolds numbers.  This improved design required a 10-15 mm channel 
length to obtain complete mixing, whereas the SGM required 30 mm.   
Du et al. (2010) numerically simulated the SHM and SGM micromixers at Re = 
0.3.  In both mixers, increasing groove depth led to enhanced mixing – beyond a critical 
value, however, increasing groove depth was ineffective.  Very deep grooves led to a 
large amount of fluid entering the grooves, where slow mixing became significant.  
Microchannel flow was hardly affected by the transverse flow with very narrow grooves.  
Excessively wide grooves, however, created dead zones in the microchannel volume. 
Mixing in the SGM was coarser and slower than that in the SHM, where two transverse 
vortices periodically altered locations.  A hybrid mixer, containing both SGM and SHM 
portion, did not lead to mixing improvement.   
Chen et al. (2011b) experimentally and numerically investigated a novel 
micromixer with a series of x-patterned slanted ridges on the top and bottom surfaces 
over 0.05 ≤ Re ≤ 50.  Their 750 μm wide, 90 μm deep, and 4 cm long mixer was based on 
the generation of lateral fluid motion to achieve chaotic advection.  A decreasing-
increasing trend in mixing efficiency was observed with increasing Reynolds number, 
with an inflection point at Re = 1.  At Re ≤ 1, diffusion dominated.  Flow crept through 
the ridges and the fluid interface was not distorted.  At Re ≥ 1, secondary flow in 
combination with bulk flow along the channel axis distorted and stretched the interface, 
allowing for increased mass transfer.  
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Overall, several conclusions were typically agreed upon: 1) Staggered 
herringbone mixers provide superior mixing compared to slanted groove mixers.  2) 
Staggered herringbone mixers are optimized with asymmetric arms, where the width 
fraction of the long arm is approximately 2/3.  3) Typically, maximum non-axial flow 
occurs over a groove intersection angle of 45°.  4) The magnitude of helical flow is 
strongly dependent (asymptotically) on groove depth ratio.  Controversy exists 
regarding the effect of channel aspect ratio on helical flow. 
2.2.4 Curved Channels  
The development of Dean vortices in curved microchannels has been shown to 
enhance mixing by increasing the interfacial species area.  Fluid at the center of a 
channel has a higher velocity and centrifugal force than fluid at the sidewalls.  As such, 
when fluid travels around a curve, the higher momentum fluid in the center of the 
channel is forced outward, while fluid at the outer wall is displaced in compensation, as 
shown in figure 2.4.  A measure of the strength of the Dean vortices generated in a 




K HRe=  (2.3) 
where Re is the Reynolds number, DH is the hydraulic diameter of the channel, and R is 
the mean radius of curvature of the channel.   
Schönfeld and Hardt (2004) compared chaotic flow patterns observed in the 
staggered-herringbone mixer with those obtained in a curved channel.  The authors 
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suggested that chaotic mixing may be produced by a simpler means, rather than 
applying grooved microstructures.  They proposed that alternating flows may be 
achieved by changing the sign of curvature of the channels, in the form of a meandering 
channel.  This was proposed beyond a critical Dean number (≈ 200), where four vortices 
were observed.  
Howell et al. (2004) experimentally investigated a square cross-section curved 
channel which enhanced lateral instabilities in the flow, generating a secondary cross 
channel flow.  At Re = 3, mixing was a result of diffusion, and at Re = 10, species were 
vertically stacked.  At higher Reynolds numbers (Re =16, 30) the formation of vortices 
was noted.  The authors found that the magnitude of the secondary flow was inversely 
proportional to the radius of curvature.  Additionally, deeper channels were found to be 
more effective mixers.  At higher flow rates, the authors believed whorls formed parallel 
to the axis of the channel.  
 
Figure 2.4: Dean vortex formation in a curved channel (Sudarsan and Ugaz 2006) 
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 Jiang et al. (2004) numerically and experimentally investigated a curved 
rectangular cross-section microchannel with 4 meandering elements. The hydraulic 
diameter was 200 μm and the radius of channel curvature was 1000 μm.  Exponential 
interface growth indicated chaotic mixing at high Dean numbers, although the 
mechanism of chaotic mixing differed from K = 100 to K = 200.  At lower Dean numbers 
(K = 10), helical flow was weak and the center of rotation was located close to the 
center of the channel; two counter rotating vortices were observed in the entire 
channel cross section.  As the Dean number increased, the helical flow became stronger 
and the center of rotation moved toward the outer channel wall (K = 100).  Above a 
critical Dean number, K ≈ 150, a qualitative change in flow pattern occurred: additional 
counter rotating vortices formed close to the outer channel wall, creating a total of 4 
vortices in the channel cross section.  With increasing K, the helical rotation was 
increased, the centers of rotation were shifted, and, due to increased asymmetry, 
mixing was enhanced from one curved segment to the next. 
  Modifying the traditional curved channel, Sudarsan and Ugaz (2006) 
experimentally investigated the mixing efficiency of spiral microchannels, with a width 
and height of 150 μm and 29 μm, respectively, over 0.02 ≤ Re ≤ 18.6.  The strength of 
the secondary flow increased as the species travelled from the outer to the inner 
portion of the spiral due to the decrease in radius of curvature.  At low Dean numbers, 
the secondary flow was too weak to perturb the flow, and hence mixing was diffusion 
dominant.  Increasing flow rates (Re = 10) led to enhanced secondary flow and thus 
enhanced mixing.  At the lowest flow rate, (Re = 0.02) 80% mixing was achieved after a 
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length of 19 mm.  At the highest flow rate (Re = 18.6), 90% mixing was achieved at the 
same length.  The mixing length became shorter with increasing Reynolds number due 
to the enhancement of secondary flow. 
Chen et al. (2011a) proposed a micromixer based on the generation of Dean 
vortices in staggered curved channels over 0.5 ≤ Re ≤ 50 (0.22 ≤ K ≤ 22.36, 1.25 × 103 ≤ 
Pe ≤ 1.25 × 105).  Their device generated counter-rotating vortices in the curved 
channel, and periodically divided and recombined fluids through curved sub-channels.  
At Re ≤ 1, mixing was diffusion dominant, and the degree of mixing decreased with 
increasing Reynolds number.  Beyond Re = 10, secondary flow was observed, and mixing 
increased with increasing Re, as a result of increased Dean vortices and stronger species 
impingement.  Approximately 90% mixing was observed after 22 mixing elements.   
Curved channels allow for the formation of chaotic advection through Dean 
vortex generation, while offering the benefits of simple planar fabrication.  Two 
counter-rotating vortices characterize Dean vortices.  To achieve four counter-rotating 
vortices and take advantage of increased interfacial area, relatively high Dean numbers, 
beyond K ≈ 140, are required.   
2.2.5 Obstruction Filled Channels  
 To repeatedly and periodically break up flow, increase species interfacial area, 
and reduce the path of diffusion, several researchers have implemented obstructions of 
various geometries along the micromixer length.  Obstructions not only increase the 
interfacial area, promoting diffusion, but may generate vortices and encourage 
22 
 
transversal flow, promoting chaotic advection.  Figure 2.5 shows a sample of an 
obstruction-filled channel.  
 Hong et al. (2004) evaluated a micromixer with modified Tesla structures over 1 
to 100 μL/min (Re < 100).  The mixer was dependent on transverse dispersion at the end 
of each mixing cell to promote mixing as a result of impacting sub-flows.  The mixing 
performance showed patterns similar to Taylor dispersion, where convection and 
diffusion are important.  A decreasing-increasing trend in the degree of mixing was 
observed with increasing flow rate.    
To promote transverse fluid flow, Bhagat and Papautsky (2008) evaluated fluid 
mixing and particle mixing in a planar micromixer with 45° angled rectangular 
obstructions at Re = 0.05 (Pe = 300).  Compared to the Tesla mixer of Hong et al. and the 
Y-mixer, their design achieved superior particle mixing, though fluid mixing performance 
was similar to that of the Tesla structure. 
Also promoting transverse flow, Lin et al. (2007) numerically and experimentally 
investigated J baffles in a T-inlet mixer over 5 ≤ Re ≤ 350.  The baffles forced fluid is a 
direction perpendicular to the channel axis, promoting enhanced mixing.  Although 
mixing was higher at higher Re, the increase in mixing, compared to a straight channel, 
was more noticeable at lower Re.  Over 80% mixing was obtained after the 14th baffle at 
Re = 350. 




Figure 2.5: Obstruction placed along 
channel length (Bhagat et al. 2007) 
  
  
   
Re = 0.1.  Circular, triangular, smooth diamond, and stepped diamond obstacles were 
compared.  Circular obstructions produced the worst mixing (40%), followed by 
diamond (44%), triangular (56%) and stepped diamond (77%).  Dead volumes generated 
by triangular elements, however, rendered them undesirable.  Experimental evaluations 
of a Y-inlet mixer with a 1 × 1 repetitive pattern of shaped diamond obstructions 
showed a decreasing-increasing trend in mixing efficiency with increasing Reynolds 
numbers over 0.02 ≤ Re ≤ 10, with an inflection point at Re = 1.   
  Following their work, Hsieh and Yang (2009) numerically investigated the effect 
of rectangular protrusions on the side walls of a diamond shaped obstruction-filled 
channel.  Compared to channels without protrusions, the rectangular protrusions 
increased mixing index from 0.38 to 0.97, with a value of 1 representing complete 
mixing.  The mixing index exhibited a decreasing trend from Re = 0.1 to 1, and an 
increasing trend from Re = 10 to 100, due to the change in mixing mechanism from 
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Fluid in
Figure 2.6: Large flow diving 




diffusion dominance to convection dominance.  Higher vorticity values were seen at the 
corners of the obstructions and boundary protrusions due to flow separation.   Vortices 
in opposite directions induced secondary flow, allowing for efficient mixing due to 
vortex agitation.  Protrusions increased the magnitude of the vortices and enhanced 
fluid stretching.  Obstacles broke up flow and induced velocity in the transverse 
direction, while sidewall protrusions facilitated stirring in that region.   
Extending their work, Tseng et al. (2011) numerically investigated the effect of 
the shape, width and length of boundary protrusions on mixing efficiency in a diamond-
obstruction filled mixer over 0.01 ≤ Re ≤ 100.  The authors observed elevated vorticity 
values around the corners of the obstacles and protrusions, leading to increased mixing 
from vortex agitation.  The addition of protrusions led to an increase in stream-wise 
flow velocity, and hence increased centrifugal force and increased secondary flow.  A 
comparison of square, elliptical and triangular protrusions showed that square 
protrusions provided the highest degree of mixing. The effect of protrusion length on 
mixing was rather insignificant.  Micromixers with larger protrusion width worked best 
at higher Re.  
 Obstructions have also been placed in shaped channels.  Nguyen et al. (2008) 
experimentally investigated the mixing efficiency of a micromixer with square 
obstructions in a square-wave channel with a modified Y-junction inlet over 5.5 ≤ Re ≤ 
56.  They found that mixing was improved due to vortex formation at the square 
obstacle region, especially at the entrances with smaller dimensions due to sudden 
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cross sectional area changes.  Mixing time was also less due to the reduction in diffusion 
length.  Lateral molecular diffusion was observed, and vortices were generated as the 
fluids collided at the square obstructions.  The mixing rate increased with increasing 
flow rate due to the increase in vortex formation.  Large vortices formed in the 
secondary flow due to an abrupt change in cross sectional area.   
 The application of obstructions along a channel length provides a variety of 
means to enhance mixing.  Flow may be guided in a transverse direction, promoting 
Taylor dispersion, it may be focused to reduce the path of diffusion, and the generation 
of vortices and secondary flow may also occur at higher flow rates.  
2.2.6 Flow Dividing Structures  
  Large structures of various shapes placed along the channel length repeatedly 
divide flow into two substreams, which are then recombined into the main channel, as 
shown in figure 2.6.   
Chung and Shih (2008) proposed and investigated a three-inlet three-rhombus 
micromixer with a converging-diverging structure over 5 ≤ Re ≤ 200.  Smaller turning 
angles, higher Reynolds number and increased number of rhombic elements increased 
the degree of mixing as a result of increased recirculation.  Molecular diffusion was 
dominant for Re < 10 whereas at Re > 10, recirculation was responsible for enhanced 
mixing.  Inertial effects and pressure gradients caused recirculation at the angled 
portions of the mixer.  A mixing efficiency of 94 % was reported with a corresponding 
pressure drop of 5693 Pa at Re = 200 for a 30° turning angle.  To promote asymmetric 
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flow and increase inertial effects over 1 ≤ Re ≤ 50, Chung and Shih (2007) applied two 
constriction elements to the symmetric design with a 90° turning angle.  The 
constriction elements and bends induced focusing/diverging effects, recirculation and 
Dean vortices, while the double zigzag channels split and recombined the flow.  Fluidic 
mixing was found to be related to the blockage ratio of the constriction elements and 
Reynolds number.  Mixing efficiency increased with decreasing blockage ratio and 
increasing Reynolds number.  At Re = 50, mixing efficiencies of 33.6% and 93% were 
reported for the devices without and with constriction elements, respectively.  A higher 
pressure drop of 8036 Pa at Re = 20 was reported in the constricted device.   
Further to their work, Chang et al. (2011) numerically and experimentally 
investigated a rhombic micromixer with branch channels.  The mixer with branches 
outperformed the basic rhombic mixer in terms of mixing as a result of the increased 
vortex generation near the branch junctions beyond Re = 10.  Over 90 % mixing was 
achieved at Re ≥ 80 and 98 % at Re = 120.  The pressure drop was less than 9 kPa at Re = 
120.   
Fan and Hassan (2010) also took advantage of 90° bends in channel geometry to 
induce vortices and enhance mixing in a scaled up micromixer.  Their scaled-up cross-
omega mixer was evaluated over 1 ≤ Re ≤ 50 numerically and experimentally, and 
exhibited a decreasing-increasing trend with increasing Re with a minimum at Re = 10, 
as a result of the dominant mixing mechanism changing from mass diffusion to mass-
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convection.  Induced fluorescence data showed approximately 70 % mixing after five 
mixing units at Re = 50.  
Ansari et al. (2010) numerically and experimentally investigated the mixing 
performance of a passive micromixer with curved sub-channels of uneven width over 10 
≤ Re ≤ 80 using water and ethanol.  The difference in inertial forces between the two 
streams created an unbalanced collision, perturbing the fluid interface due to transverse 
flows.  The degree of mixing increased with increasing collision imbalance at higher 
Reynolds numbers.  Ansari and Kim (2010) then numerically investigated the effect of 
unbalanced channel widths in rhombic sub-channels over 1 ≤ Re ≤ 80.  For Re ≤ 20, 
where diffusion dominates, the mixing performance decreased with increasing Re.  
Inertial forces were not sufficient to create transverse flow.  Beyond Re = 20, mixing 
increased with increasing Reynolds number.  Overall, the circular channel device 
showed better performance than the rhombic device at Re > 20 as a result of the Dean 
vortices in the curved channel.  At Re = 1 and 20, both devices showed approximately 
20% and 15% mixing, respectively.  At Re = 80, the circular and rhombic devices showed 
approximately 57% and 51% mixing, respectively. 
 Lu et al. (2010) numerically and experimentally investigated the mixing efficiency 
and mixing time of a passive micromixer with two tee inlets and four butterfly-shaped 
mixing elements over 8 ≤ Re ≤ 48, as calculated based on the inlet dimensions.  It was 
found that at low Re, mixing was dominated by viscous forces, and mixing was not well 
completed.  As the Reynolds number increased (Re = 16), obvious fluid interface 
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distortions were seen in the mixing elements, and transverse fluid motion became 
important, especially at the walls.  Beyond Re = 24.1, helical rotation was observed, and 
transverse flows stirred the fluid rapidly, such that interface area and efficiency were 
increased.  At higher Reynolds numbers, inertial forces were dominant compared to 
viscous forces, and mixing was enhanced.  Complete mixing was observed at the mixer 
outlet at the highest flow rate; vortex formation was found to be the primary mixing 
mechanism.  The degree of mixing ranged from 26 % to 99 % at the outlet.  
2.2.7 Combination Mixers  
To combine the benefits associated with various mixing techniques and 
geometric configurations, several authors have proposed combination micromixers.   
To take advantage of the increase in interfacial area resultant from the 
formation of Dean vortices, curved channels have been integrated into several designs.  
Mouza et al. (2008) experimentally investigated a meandering curved microchannel 
with circular division elements and 14 repetition structures to generate alternating Dean 
vortices over 20 ≤ Re ≤ 350.  Curved channels resulted in the fluid interface moving from 
the center to the outer wall, while the intermediate dividing structures broke the 
symmetry on the secondary flow.  At lower Dean numbers (K = 8) secondary flow was 
very weak; alternating channel curvature merely returned the species interface to its 
original position.  At higher K, stronger transverse flow caused the species at the outer 
wall to be transported to the inner wall within the first mixing element, and chaotic 
advection was reported at K > 140.  Mixing time decreased dramatically with an increase 
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in Dean number up to the critical Dean number.  Beyond this point, the formation of 
two additional vortices was credited with enhanced mixing.   
Tsai and Wu (2011) also implemented modifications to a serpentine channel by 
adding radial baffles.  The device was investigated over 0.054 ≤ Re ≤ 81.  The addition of 
baffles to curved channels improved the degree of mixing by increasing the interfacial 
area while Dean vortices improved mixing, especially at high Re and lower radius of 
curvature.  The position of baffles greatly affected the degree of mixing as a result of 
lateral convection and the generation of vortices behind the baffles, which were 
observed at Re ≥ 27.  A decreasing-increasing trend in mixing efficiency was observed 
with increasing Re, with an inflection point at Re = 3.  At Re = 81, greater than 90% 
mixing was achieved, and a separation vortex was noted downstream of the second 
baffle.  At Re = 0.054, a high degree of mixing (M > 95%) was reported due to the 
increased residence time allowing for pure diffusion.  
To enhance helical flow in curved channels, bas-relief structures have been 
introduced.  Hu et al. (2006) investigated the mixing of water and acetone in a 200 μm × 
100 μm (w × d) curved channel micromixer with herringbone grooves.  Outlet mixing 
efficiency varied from 90 - 98 % over 1 ≤ Re ≤ 10.  Tan et al. (2008) investigated a long 
LOC-integrated micromixer with staggered herringbone structures in the straight 
portion of a meandering channel for medical diagnostic purposes.  The direction of 
secondary flow was periodically reversed to enhance folding along the channel length.   
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  Chen et al. (2009) experimentally investigated the mixing efficiency of a curved-
channel passive micromixer with four high-density cylindrical obstruction clusters at low 
flow-rates 0.1 - 10 μL/min.  The channel was 200 μm wide and 45 μm deep, while the 
total length was taken as 35 mm.  Mixing efficiency was best at low flow rates, and 
decreased with increasing flow rate.  The splitting and recombining of the flow due to 
the pillar obstructions increased the interface area, causing a reduction in the path of 
diffusion.   
Adeosun and Lawal (2009) experimentally and numerically investigated the 
mixing efficiency a micromixer which applied a multi-lamination technique at the inlet, 
where eight substreams were introduced to the mixing channel.  Isosceles trapezoidal 
structures were placed within the mixer channel to increase the contact area.  Tested 
Reynolds numbers, based on outlet cross sectional area, ranged from 5.1 to 12.8.  
Mixing improved at lower Reynolds as a result of the longer residence time.   
Tofteberg et al. (2010) combined the concepts of inducing chaotic advection via 
slanted grooves and serial lamination in a passive four-module micromixer.  After 
slanted grooves created controlled 90° fluid rotation, species were divided, rotated, and 
recombined to double the number of lamellae in each module.  In a 300 μm x 50 μm 
(width x height) channel, the optimum values, of those tested, were found to be a 
groove angle of 55°, groove depth of 50 μm, and a groove width of 200 μm.  After 4 
rotating cycles (modules) at Re = 5, approximately 90 % mixing was achieved.  For Re < 
5, the lamination process was unchanged, and in the Stokes flow regime, almost perfect 
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lamination was observed.  With increasing momentum effect, the helical flow pattern 
changed, and lamination was no longer ideal. 
2.3 Mixing Evaluation Techniques  
 While both single phase and two-phase mixing have been reported in the 
literature, liquid-liquid mixing is the focus of this work.  Both experimental and 
numerical techniques have been widely applied to assess the flow patterns and mixing 
performance of micromixers.  Each evaluation methodology offers unique benefits and 
is limited by disadvantages.   
Aubin et al. (2010) provided a comprehensive review of micro-mixing principles, 
and detail experimental evaluation techniques.  To determine concentration 
distribution, dilution-based methods, which include the use of coloured dyes, 
fluorescence species, and chemical based reactions, have been widely applied.  As 
concentration distribution and mixing performance are a result of flow fields within the 
micromixer, a variety of techniques have been employed to assess flow patterns, 
including micro particle image velocimetry (μ-PIV) and micro particle tracking 
velocimetry (μ-PTV).  Commonly applied optical based measurement techniques are 
limited by a number of factors, including image resolution, plane of measurement, 
direction of view, reflections, and the necessity of a transparent device.  Experimental 
work is also subject to uncertainty resulting from equipment used.  Several researchers 
made use of commercial software to analyze single-phase liquid mixing and flow 
patterns via computation fluid dynamics (CFD).  The accuracy of numerical work, 
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however, is limited by numerical diffusion.  Hardt and Schönfeld (2003) proposed 
measures to reduce its effect, such as decreasing the grid size and applying a higher 
order solving scheme.   
To thoroughly analyze mass transfer in micromixers, a combination of 
experimental and numerical work is indispensible.  
2.4 Summary and Motivation   
The demand for disposable LOCs for applications in the biomedical and chemical 
industries has increased dramatically over recent years.  As an essential component of 
LOC platforms, micromixers have emerged at the forefront of promising research areas.  
Due to the low Reynolds numbers and small channel diameters employed, it remains a 
challenge to effectively mix liquids at the microscale.  Innovative micromixers, which 
offer high mixing performance, low pressure drop, short mixing length, and ease of 
integration, are necessary.    
Active and passive micromixers have been proposed and studied in the 
literature.  While active micromixers typically offer high mixing efficiency and rapid 
mixing, challenges involving system integration and control, complex fabrication, and 
higher production costs have been presented.  As a result, passive micromixers, which 
make use of channel geometry to induce mixing, have been deemed preferable by 
numerous researchers.     
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A variety of geometric variations have been proposed to enhance the 
performance of passive micromixers, which operate at low Reynolds numbers where 
traditional turbulent mixing techniques are inapplicable.  Amongst designs, a common 
goal exists: to improve mixing by increasing the interfacial species area and reducing the 
path of diffusion, as well as creating transverse flow.  Good mixing should be achieved 
rapidly and in a small footprint area.  Additionally, low pressure drop is desirable, such 
that regions of extreme constriction and sharp angles should be avoided.  In practical 
applications, micromixers are typically fabricated via lithography.  Designs with minimal 
complexity, allowing for easier fabrication, are therefore desired.    
2.5 Objectives  
The principle of operation, design, fabrication, experimental testing and 
numerical simulation of three novel passive micromixers are discussed in this work.  The 
following outlines the goals of the current work: 
x Design and evaluate novel scaled-up micromixers which operate over a wide 
range of Reynolds numbers.  Two-dye flow visualization is used to qualitatively 
assess flow patterns and mixing performance, while induced fluorescence (IF) is 
used to provide quantitative whole-field concentration distribution data.  
Numerical simulations are applied to assess the complex flow patterns of two 
mixers.   
x Experimentally evaluate the performance of the “Parallel Lamination Micromixer 
with Tear Drop Obstructions”.  This mixer uses a seven-lamellae uneven 
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interdigital inlet to reduce the path of diffusion and increase the interfacial 
species area.  Tear-drop obstructions periodically reduce the path of diffusion 
and increase interfacial area, while promoting the formation of Dean vortices at 
higher Reynolds numbers.  Sidewall mixing is encouraged through the 
application of obstructions on the sidewalls and reduced lamellae thickness.   
x Experimentally and numerically evaluate the “Groove-Enhanced Serpentine 
Micromixer”.  This Y-inlet serpentine mixer with four semi-circular portions 
contains slanted grooves along the channel base to promote helical flow.  The 
curved channel promotes Dean vortices at higher Re.  
x Based on the results of the previous two mixers, the “Mixer with Groove-
Enhanced Division Elements” is designed and evaluated experimentally and 
numerically.  The device uses a simple three-lamellae parallel lamination inlet to 
reduce the path of diffusion and increase interfacial area.  Grooves on the base 
of five circular division elements promote flow rotation at all Re, while Dean 
vortices develop at higher Re.  
x Propose a comparison technique allowing for mixers of various sizes to be 





Micromixer Evaluation: Experimental and 
Numerical Techniques 
To assess the performance of micromixers with various geometries, three novel scaled 
up passive micromixers are experimentally evaluated through flow visualization and 
micro-induced fluorescence.  Flow visualization is used to assess flow patterns and 
provide qualitative mixing efficiency information along the channel lengths, while 
induced fluorescence is used to obtain quantitative whole-field concentration 
distribution information.  Numerical simulations are applied to complement 
experimental work for two mixers which involve complex three dimensional flow 
patterns.  A quantitative means to assess mixing performance is discussed, and a 
technique to allow for reasonable comparison between micromixers of different scales 
is proposed.   
3.1 Similarity  
To reduce manufacturing costs and allow for ease of experimental manipulation, 
scaled up micromixers were designed and fabricated.  The applicability of using scaled-
up test sections for micro-scale investigations has previously been validated 
experimentally and numerically (Xia 2009, Fan and Hassan 2010).  Xia (2009) fabricated 
meso and micro-scale mixers based on chaotic mixing and sequential lamination and 
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reported consistent observations between the devices.  To demonstrate the validity of a 
scaled-up test section for micro-scale investigations, both dimensional and geometric 
similarity must be achieved.  Geometric similarity between the model (m), and the 






















=  (3.3) 
where H, and W represent the channel height and width, respectively, at any given 
location along the channel length, L.  
Two mechanisms are responsible for mixing: mass advection and mass diffusion.  
Therefore, velocity and concentration are critical parameters.  Two dimensionless 
parameters, the Reynolds number and Péclet number, are thus used to preserve 




eR H=  (3.4) 
represents the ratio of inertial to viscous forces, where ρ is the density, U is the mean 






Pe H=  (3.5) 
is the ratio of the rate of advection to the rate of diffusion.  According to equations (3.4) 
and (3.5), and assuming fluids with the same properties are used in the model and 
prototype, maintaining the Reynolds number between the model and prototype allows 
for the Péclet number to be conserved, thus preserving dynamic similarity.     
3.2 Experimental Evaluation  
3.2.1 Fabrication Basics  
To allow for ease of experimental manipulation and reduced fabrication costs, 
scaled up micromixers have been produced.  All three designs were machined in cast 
acrylic using conventional micro computer numerically controlled (CNC) machining.  
Although similar manufacturing procedures were followed for all devices, slight 
modifications were carried out in terms of bonding and sealing the devices.  Particular 
details pertaining to each of the three designs are addressed in their respective 
chapters.    
3.2.2 Experimental Facilities  
Figure 3.1 shows the facilities used for both flow visualization and induced 
fluorescence measurements.  For both flow visualization and IF investigations, two 
syringe pumps (New Era Pump Systems Inc., model NE-1010), equipped with 60 mL 
capacity syringes (BD company) were digitally set to the required flow rates.  With this   
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size syringe, the maximum and minimum flow rates are 7635 mL/hr and 58.26 μL/hr, 
respectively, with a dispensing accuracy of ± 1 %.  Species were supplied to the inlets of 




























Figure 3.1: Experimental facilities used for flow visualization and IF measurements 
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to the test sections via threaded barbed fittings.  For flow visualization experiments, 
these species were de-ionized (DI) water mixed with food colour, whereas for IF 
experiments, these fluids were de-ionized water and a solution of de-ionized water and 
Rhodamine 6G (Sigma-Aldrich).  Waste solutions were directed to a reservoir for safe 
disposal.  For flow visualization experiments, a colour 3CCD camera (Sony CDX-9000) 
captured images at various positions along the test section.  A light ring supplied 
uniform lighting above the test section to reduce the occurrence of shadows and 
provide higher quality images.  For induced fluorescence measurements, the test 
section was positioned on and secured to a microscope stage (Nikon Eclipse TE2000-S).  
A mercury lamp (Chiu Technical Corporation, Mercury 100 W) supplied continuous light 
through either a 2 × or 4 × magnification objective lens to the test section.  Emission 
light from the test section was directed through an Epi-fluorescence filter (Chroma 
Technology), which filtered out the excitation light from the laser (considered to be 
noise), and allowed only the re-emitted light to be captured by the detector and CCD 
camera (Dantec Dynamics - HiSense MkII).  Images were processed on a Dell Precision 
Workstation (two 3.60 GHz Intel Xeon processors, 4 GB of RAM, two 250 GB 7200 rpm 
hard disks and 128 MB video card).  A frame grabber card (NI-IMAQ PCI-1426) was used 
to record the images from the camera, which was controlled through the computer by a 
synchronization unit.  Images were processed using Flow Manager Software v4.50.    
3.2.3 Flow Visualization 
To visualize flow patterns and qualitatively assess mixing along the channel 
length, solutions of food colour and DI water were prepared for flow visualization 
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experiments.  Several trials showed that both red and green or red and blue solutions 
showed good contrast.  Two colours were used to allow for species to be more easily 
distinguishable; using water with a single colour solution did not permit mixing to be as 
easily visualized.  For all investigated test sections, a syringe filled with fluid and tapped 
free of any air bubbles was attached to each inlet via flexible tubing and barbed fittings.  
Syringes were slowly pressed to fill the channels of the test sections.  The larger-scale 
mixer investigated in chapter 4 was filled manually, and rotated and adjusted as needed 
during the filling process to ensure no air bubbles were trapped in the device.  The 
smaller-scale mixers of chapter 5 and 6 were filled using the syringe pumps at low flow 
rates.  Once filled, the test sections were carefully placed beneath the camera with 
uniform lighting.  It was essential to avoid abrupt motion with the filled test sections to 
prevent the formation of bubbles.  Syringe pumps were set to the desired flow rates, 
based on the two-fluid inlet Reynolds number, and started simultaneously.  Images were 
then taken at a rate of 30 frames/s at various locations along the test sections.  After 
completing flow visualization, areas of interest were identified for further investigation 
using induced fluorescence.     
 3.2.4 Induced Fluorescence  
  3.2.4.1 Principle of Operation  
 Induced fluorescence is a non-intrusive, optical technique used to obtain 
qualitative and quantitative concentration and temperature distribution data.  In this 
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work, Rhodamine 6G, a concentration dependent and temperature-independent dye, is 
used to evaluate species distribution.   
Fluorescence results from a three-stage process that occurs in fluorophores, as 
shown in the electronic-state, or Jablonski, diagram in figure 3.2a.   In its ground state, a 
fluorophore has a relatively low energy level.  Upon absorbing light energy (stage 1), it 
becomes excited to a higher vibration energy level; excitation lasts approximately 10-15 
seconds.  As the fluorophore is unstable at high energy levels, it quickly relaxes to a 
lower energy level, in an event known as vibrational relaxation (stage 2).  This typically 
lasts 10-14 – 10-11 seconds.  To once again become stable, the fluorophore releases 
excess energy as emitted light and drops to the ground state (stage 3) in a process 
known as fluorescence, which lasts approximately 10-9 – 10-7 seconds (Johnson and 
Davidson).  At its ground state, the fluorophore may now absorb light energy and 
repeatedly undergo the excitation-emission process.   
 The number of excited fluorophores is related to the wavelength of the excited 
light.  There exists a wavelength, known as the peak excitation wavelength, at which the 
proportion of excited fluorophores is maximal.  At shorter or longer wavelengths, a 
smaller proportion of fluorophores absorb energy.  A similar phenomenon occurs during 
emission, or the loss of energy, where a peak emission wavelength exists.   This is shown 
in figure 3.2b.  According to Planck’s law, the energy of an absorbed photon is inversely 
proportional to the wavelength.  As such, the emitted light has a longer wavelength and 






Rhodamine 6G are 526 nm and 555 nm, respectively (Abramowitz and Davidson).  The 
difference in peak wavelength is known as the Stokes shift.  As a result of their differing 
wavelengths, absorption and emission light appear as different colours, as shown in the 
visible light spectrum in figure 3.2c.  This difference in excitation and emission spectra 
allows for the excitation light to be filtered, and fluorescence light to be captured.  It is 
important to ensure that the excitation and emission spectra do not have overlapping 
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Figure 3.2: a) Jablonski diagram showing excitation-emission process b) excitation and 
emission spectra of Rhodamine 6G c) visible light spectrum.   
43 
 
peak wavelengths, as this would lead to self-quenching, a phenomena whereby re-
emitted fluorescence is re-excited by the excitation light.  It is additionally important to 
select an appropriate light source and fluorescent dye combination.  
3.2.4.2 Calibration 
  Prior to conducting experiments, it is essential to calibrate the system.  Over a 
certain range, a linear relationship exists between the concentration of the fluorescence 







=C  (3.6) 
In the above equation, Ci is the concentration at a given point i, and Cmax and Cmin are 
maximum and minimum recorded concentration values on the calibration curve, 
respectively. Ii is the fluorescence intensity at a point i, and Imax and Imin are the 
maximum and minimum recorded fluorescence intensities on the calibration curve, 
respectively.  This relationship allows for the concentration of a species to be 
determined based on the captured intensity signal.   
To locate the measurement plane, the proper stage height must first be selected.  
In order to identify the upper and lower surfaces of the test section, the top and bottom 
surfaces of the device were etched, and the test section was secured to the microscope 
stage.  The stage height was adjusted until the etches were clear and in focus on the 
microscope.  The positions of the stage at these locations were recorded.  Given the 
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height of the test section, a relation between the stage height and focus plane was 
established.  The center plane, or any desired focus plane, may then be easily located. 
The center planes of the channels were selected for measurement.  Light intensity was 
also adjusted to achieve uniform intensity across the investigated region.  Stage height 
and light intensity were maintained from the calibration to experimentation process.   
  To begin the calibration process, an area free of obstructions, sidewalls or 
surface scratches must be selected for calibration; otherwise, irregularities in intensity 
present during calibration will affect all subsequent images.  Solutions of de-ionized 
water and Rhodamine 6G with concentrations ranging from 0 – 1400 μg/L (chapter 4) 
and 0 – 750 μg/L (chapters 5 and 6) were used.  To ensure strong fluorescence intensity 
readings, solutions with relatively high concentrations were used to account for the size 
of the scaled up test sections.  A syringe was first filled with de-ionized water, which was 
supplied to the test section.  The mercury lamp was turned on, the pump was started, 
and 30 images were recorded at intervals of 0.05 seconds at an appropriate calibration 
location.  The process was repeated for all remaining concentrations.  Resultant grey 
scale images were then averaged, and each concentration was related to a given 
intensity.  A linear relation between concentration and intensity was then developed, as 
shown by the sample calibration curve in figure 3.3.  Calibration was performed prior to 







3.2.4.3 Data Collection and Processing 
As with flow visualization experiments, the channel volume was slowly filled with 
fluid, ensuring large air bubbles were not trapped in the channel.  The test section was 
secured to the microscope stage, and syringe pumps were digitally set to the desired 
flow rates.  The location of channel side walls was determined and recorded during the 
experimental process.  Operating conditions, such as stage height and light intensity 
were kept constant.  Figure 3.4 depicts the data processing procedure.  Sixty images 























Figure 3.3: Sample calibration curve showing linear relation between fluorescence 
concentration and intensity.  
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Figure 3.4: Data processing procedure. a) Grey scale image b) corresponding concentration 
distribution map c) concentration distribution data. 
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Images of 1344 × 1024 pixels were captured with a resolution of approximately 3.3 
μm/pixel at 2 × magnification and 1.6 μm/pixel at 4 × magnification.  These images were 
processed using Flow Manager Software, where re-sampling was carried out at 5 × 5 
pixels, such that the resultant image resolutions were approximately 16.6 μm/pixel at 2 
× magnification and 8 μm/pixel at 4 × magnification.  Grey scale images were averaged 
(figure 3.4a) and converted to concentration maps (figure 3.4b) through use of the 
previously established calibration curve.  To determine the concentration distribution at 
a certain location along the channel length, a line of measurement was selected.  Data 
for the chosen line may then be presented in a manner similar to that shown in figure 
3.4c. 
3.2.5 Experimental Challenges 
Experimental investigations are subject to a multitude of challenges.  Test 
section leakage is a common problem, both at the inlets/outlet and within the channel 
layers.  Additionally, filling the channel manually to avoid trapped air bubbles is time 
consuming and difficult.  Any abrupt motion with the filled test section may lead to the 
formation of air bubbles in the channel.  Care must be taken to gently place the test 
section on the measurement surface.  As test sections were machined in cast acrylic, 
reflections were unavoidable, particularly at the side walls.  This was apparent in IF 
processed images, where concentration values appeared skewed in the region of 
reflections.  Also, regions free of surface defects and scratches must be selected for 
investigation, as such areas affect the recorded light intensity, and thus concentration 
distribution data.  Due to the scaled up nature of the devices, channels occupied a 
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relatively large fluid volume, such that repeated filling of the syringes was required.  This 
requires the test section to be dismounted, filled and freed of air bubbles, and re-
positioned on the microscope stage.  It is also challenging to achieve uniform lighting 
conditions.  A black cardboard sleeve was used during IF measurements to reduce any 
external light sources. 
3.3 Uncertainty  
  Several factors must be taken into account when considering the uncertainty 
associated with experimental data.  Errors related to concentration should first be 
addressed.  The accuracy of the concentration of the prepared fluorescence solutions is 
limited by the equipment used to produce the solutions, namely the scale (A&D HL-100, 
accuracy ± 0.005 g) and graduated cylinders (± 2.5 mL).  To minimize errors, a high 
concentration stock solution was first prepared, which was then used to prepare lower 
concentration solutions with smaller graduated cylinders (± 0.34 mL).  With time, the 
integrity of the fluorescence solutions deteriorated as Rhodamine 6G was found to 
adhere to the storage container surfaces.  Slight concentration degradation is accounted 
for by performing calibration prior to each experiment.  Errors associated with 
calibration curves vary with each test section.  As such, calibration errors related to each 
mixer are discussed in their respective chapters.  Minor reflections near the side walls 
are inevitable, though the affected region is small in comparison with the channel width.  
The effects of photobleaching may also be ignored, as a continuous light source is used 
with moving fluid.  The accuracy of the syringe pumps (± 1 %) must also be noted as it 
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influences the volume flow rate.  Manufacturing tolerances (± 0.0254 mm) also 
contribute to the uncertainty of results.  
3.4 Numerical Evaluation 
To assist in describing the complex three dimensional flow fields in the test 
sections described in chapters 5 and 6, numerical simulations were carried out using 
Fluent v13.0.  Several assumptions were made: the flow was assumed to be steady 
state, incompressible and laminar.  Governing equations are thus the continuity 
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where P represents the pressure, and other variables were previously defined.  At all 
walls, the no-slip boundary condition was applied, inlets were set to ‘velocity-inlet’, and 
the outlet was set to ‘pressure-outlet’ with a gage pressure of 0 Pa.  Note that body 
forces may be neglected.  In accordance with experimental work, properties of water 
were applied.  The density, viscosity, and diffusivity were set to constant values of 998.2 
kg/m3, 1.003 × 10-3 kg/m·s, and 4 × 10-10 m2/s (Gendron et al. 2008), respectively.  
‘Second Order’ was applied for the discretization of pressure, ‘SIMPLEC’ mode was 
applied for pressure-velocity coupling, ‘QUICK’ was selected as the spatial discretization 
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for momentum and concentration.  Convergence criteria were set to 10-10, 10-5, and    
10-10 for continuity, velocity, and concentration, respectively.  Modeling of liquid mixing 
is not free of numerical diffusion, however Hardt and Schönfeld (2003) proposed 
measures to reduce its effect, such as decreasing the grid size and applying a higher 
order solving scheme.  Details pertaining to grid size and number and further discussed 
in subsequent chapters.  
3.5 Mixing Performance  
It is worth noting that in quantifying the mixing performance of micromixers, a 
lack of uniformity exits in the literature.  A variety of formulas to assess mixing efficiency 
have been proposed, including variations of the mixing index (Ansari et al. 2010, Lu et al. 
2010, Chen et al. 2011 a,b), mixing efficiency (Fan and Hassan 2010), and standard 
deviation in intensity (Stroock et al. 2002, Bhagat et al. 2007), amongst others.  
Assessing the degree of mixing is statistics-based, and is dependent on species 
distribution.  The use of different mixing performance formulas therefore results in 
different mixing performance values.  In certain cases, values may be converted to a 
common mixing performance parameter.    
To quantify the degree of mixing in this work, the mixing index, MI, is calculated 






-1=ΜΙ  (3.10) 
 51 
 
where ʍ, the standard deviation in concentration distribution, is a measure of the 












=  (3.11) 
where the total number of samples is denoted by N, and Cmix represents the perfectly 
mixed concentration.  To obtain perfect mixing, the normalized concentration at a given 
location should be 0.5.  The value of the mixing index ranges from 0 to 1, representing 
unmixed and perfectly mixed species, respectively.   
3.6 Comparison 
Similarity, as described in section 3.1, shows that mixing phenomena is 
preserved from scaled-up to scaled-down mixers.  To accurately compare the mixing 
efficiency of various devices, however, it is important to consider the degree of mixing 
at a given length.  To allow for more reasonable mixing performance comparison, an 
equivalent length is proposed in this work.   
For a given characteristic length, or hydraulic diameter, mixing at comparable 
locations should be considered.  Assessment based on the degree of mixing at the outlet 
alone is inaccurate - many devices are considerably longer or shorter than their 
counterparts.  The length to hydraulic diameter ratio, L/DH, provides an indication of the 
relative size of a given micromixer.  In essence, this represents the length of a mixer 
compared to its characteristic dimension, or hydraulic diameter.  Figure 3.5 presents 
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ŐƌĞĂƚůǇ ƌĞĚƵĐĞƐ ƚŚĞƉĂƚŚŽĨĚŝĨĨƵƐŝŽŶĂŶĚ ŝŶĐƌĞĂƐĞƐ ƐƉĞĐŝĞƐ ŝŶƚĞƌĨĂĐŝĂůĂƌĞĂ͘ ^ƚĂŐŐĞƌĞĚ
ƚĞĂƌĚƌŽƉŽďƐƚƌƵĐƚŝŽŶƐůŽĐĂƚĞĚĂůŽŶŐƚŚĞĐŚĂŶŶĞůůĞŶŐƚŚĚŝǀŝĚĞĨůŽǁǁŚŝůĞƌĞĚƵĐŝŶŐƚŚĞ
ƉĂƚŚ ŽĨ ĚŝĨĨƵƐŝŽŶ ĂŶĚ ƉƌŽŵŽƚŝŶŐ ƚŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ ĞĂŶ ǀŽƌƚŝĐĞƐ Ăƚ ŚŝŐŚ ZĞ͘  &ůŽǁ
ǀŝƐƵĂůŝǌĂƚŝŽŶ ŝƐ ĂƉƉůŝĞĚ ƚŽ ƋƵĂůŝƚĂƚŝǀĞůǇ ĂƐƐĞƐƐ ŵŝǆŝŶŐ ĂŶĚ ĨůŽǁ ƉĂƚƚĞƌŶƐ ǁŚŝůĞ ŵŝĐƌŽͲ
ŝŶĚƵĐĞĚ ĨůƵŽƌĞƐĐĞŶĐĞ ƉƌŽǀŝĚĞƐ ƋƵĂŶƚŝƚĂƚŝǀĞ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ĚŝƐƚƌŝďƵƚŝŽŶ ĚĂƚĂ͘Ŷ
ŝŶĐƌĞĂƐŝŶŐͲĚĞĐƌĞĂƐŝŶŐƚƌĞŶĚŝŶŵŝǆŝŶŐĞĨĨŝĐŝĞŶĐǇŝƐŽďƐĞƌǀĞĚǁŝƚŚŝŶĐƌĞĂƐŝŶŐZĞ͘
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/ŶĐƌĞĂƐŝŶŐ ƚŚĞ ŝŶƚĞƌĨĂĐŝĂů ƐƉĞĐŝĞƐ ĂƌĞĂ ďǇ ŵĞĂŶƐ ŽĨ ƉĂƌĂůůĞů ůĂŵŝŶĂƚŝŽŶ ŝƐ ĂŶ
ĞĨĨĞĐƚŝǀĞ ŵĞĂŶƐ ƚŽ ƌĞĚƵĐĞ ƚŚĞ ƉĂƚŚ ŽĨ ĚŝĨĨƵƐŝŽŶ ĂŶĚ ŝŶĐƌĞĂƐĞ ƚŚĞ ĚĞŐƌĞĞ ŽĨ ŵŝǆŝŶŐ͘
WĂƌĂůůĞů ůĂŵŝŶĂƚŝŽŶ ĂůůŽǁƐ ƚŚĞ ůĞŶŐƚŚ ŽĨ Ă ŵŝĐƌŽŵŝǆĞƌ ƚŽ ďĞ ƌĞĚƵĐĞĚ͕ ĂƐ ƚŚĞ ĂƌĞĂ




  ŵŵ    ;ϰ͘ϭͿ
 ϯϮϭ ϮϮϮϰ ǆǆǆǆ   ;ϰ͘ϮͿ
ǁŚĞƌĞܓĂŶĚܓĂƌĞƚŚĞŵĂƐƐĨůŽǁƌĂƚĞƐŽĨƐƉĞĐŝĞƐĂŶĚ͕ƌĞƐƉĞĐƚŝǀĞůǇ͕ĂŶĚǆ͕ǆϭ͕ǆϮ
ĂŶĚǆϯĂƌĞƚŚĞĚŝƐƚĂŶĐĞƐƐŚŽǁŶ ŝŶ ĨŝŐƵƌĞϰ͘ϭ͘ ƐƐŚŽǁŶ ŝŶ ĨŝŐƵƌĞϰ͘ϭĂ͕Ăůů ůĂŵĞůůĂĞĂƌĞ
ƚŚĞƐĂŵĞǁŝĚƚŚ͕ǆ͘/ƚŝƐĐůĞĂƌƚŚĂƚƚŚĞƉĂƚŚŽĨĚŝĨĨƵƐŝŽŶ͕Ɖ͕ĂƚƚŚĞƐŝĚĞǁĂůůƐ;ƉϭĂŶĚƉϯͿŝƐ
ůĂƌŐĞƌ ƚŚĂŶ ƚŚĂƚ Ăƚ ƚŚĞ ĐĞŶƚĞƌ ŽĨ ƚŚĞ ĐŚĂŶŶĞů ;ƉϮͿ͕ ĂƐ ĚŝĨĨƵƐŝŽŶ ŽĐĐƵƌƐ ŝŶ ŽŶůǇ ŽŶĞ
ĚŝƌĞĐƚŝŽŶĂƚƚŚĞƐŝĚĞǁĂůůƐ͘ƐƐƵĐŚ͕ǁŚĞŶƵŶŝĨŽƌŵƐƉĞĐŝĞƐĚŝƐƚƌŝďƵƚŝŽŶŝƐŽďƚĂŝŶĞĚĂƚƚŚĞ
ĐĞŶƚĞƌŽĨƚŚĞĐŚĂŶŶĞů͕ƌĞŐŝŽŶƐŽĨƵŶŵŝǆĞĚĨůƵŝĚƌĞŵĂŝŶĂƚďŽƚŚƐŝĚĞǁĂůůƐ͕ůĞĂĚŝŶŐƚŽŶŽŶ
ƵŶŝĨŽƌŵ ŵŝǆŝŶŐ͘  /ƚ ŝƐ ŝŶĐƌĞĂƐŝŶŐůǇ ĚŝĨĨŝĐƵůƚ ƚŽ ŵŝǆ ƐƉĞĐŝĞƐ Ăƚ ƚŚĞ ƐŝĚĞǁĂůůƐ ĂƐ ƚŚĞ
ƉϮ
Ɖϯ
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 /ŶƚĞƌĚŝŐŝƚĂůŝŶůĞƚƉƌŝŶĐŝƉůĞ͘ĂͿǀĞŶůĂŵĞůůĂǁŝĚƚŚďͿhŶĞǀĞŶůĂŵĞůůĂǁŝĚƚŚ
ĐŽŶĐĞŶƚƌĂƚŝŽŶŐƌĂĚŝĞŶƚĚĞĐƌĞĂƐĞƐĂůŽŶŐƚŚĞĐŚĂŶŶĞůůĞŶŐƚŚ͘dŽĂĐĐŽƵŶƚĨŽƌƚŚĞƌĞŐŝŽŶŽĨ
ƵŶŵŝǆĞĚ ƐƉĞĐŝĞƐ Ăƚ ƚŚĞ ƐŝĚĞǁĂůůƐ͕ ĂŶ ƵŶĞǀĞŶ ŝŶƚĞƌĚŝŐŝƚĂů ŝŶůĞƚ ŝƐ ĂƉƉůŝĞĚ͘  dŚŽƵŐŚ ƚŚĞ
ƚŽƚĂů ŵĂƐƐ ĨůŽǁ ƌĂƚĞ ĂŶĚ ŶƵŵďĞƌ ŽĨ ŝŶƚĞƌĨĂĐĞƐ ƌĞŵĂŝŶ ƚŚĞ ƐĂŵĞ͕ ƚŚĞ ǁŝĚƚŚƐ ŽĨ ƚŚĞ
ůĂŵĞůůĂĞĂƌĞŵŽĚŝĨŝĞĚ͘ƐƐŚŽǁŶŝŶĨŝŐƵƌĞϰ͘ϭď͕ƚŚĞƉĂƚŚŽĨĚŝĨĨƵƐŝŽŶĂƚƚŚĞƐŝĚĞǁĂůů ŝƐ
ƌĞĚƵĐĞĚǁŚĞŶĐŽŵƉĂƌĞĚƚŽĨŝŐƵƌĞϰ͘ϭĂ͕ĂůůŽǁŝŶŐĨŽƌŵŽƌĞƵŶŝĨŽƌŵƐƉĞĐŝĞƐĚŝƐƚƌŝďƵƚŝŽŶ
ǀŝĂ ŵĂƐƐ ĚŝĨĨƵƐŝŽŶ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů ůĞŶŐƚŚ͘  /Ŷ ƚŚĞ ƉƌĞƐĞŶƚ ǁŽƌŬ͕ Ă ƐĞǀĞŶͲůĂŵĞůůĂ























ƐƉĞĐŝĞƐ ŝŶ ĞĂĐŚ ƐƵďƐƚƌĞĂŵ ĐŚĂŶŶĞů͕ ƚŚĞ ƐŝĚĞ ǁĂůůƐ ŚĂǀĞ ďĞĞŶ ĂŶŐůĞĚ͘  dŚĞ ĨůƵŝĚƐ ĂƌĞ
ĚŝƌĞĐƚĞĚ ƉĂƌĂůůĞů ƚŽ ĞĂĐŚ ŽƚŚĞƌ ĂŶĚ ĨŽƌŵ Ă ƚŽƚĂů ŽĨ ϳ ůĂŵĞůůĂĞ͘  &ŝŐƵƌĞ ϰ͘ϯ ƉƌĞƐĞŶƚƐ
ƌĞůĞǀĂŶƚ ĚŝŵĞŶƐŝŽŶƐ ĂŶĚ ůŽĐĂƚŝŽŶƐ ŽĨ ŵĞĂƐƵƌĞŵĞŶƚ ;>ϭͲ>ϰͿ͘  Ɛ ƐŚŽǁŶ ŝŶ ƚŚĞ ĨŝŐƵƌĞ͕
ůĂŵĞůůĂĞĂƚƚŚĞƐŝĚĞǁĂůůƐĂƌĞƚŚŝŶŶĞƌ;ƚϰсϭŵŵͿƚŚĂŶƚŚŽƐĞŝŶƚŚĞĐĞŶƚĞƌ͕ĂƐĚŝĨĨƵƐŝŽŶ
ŽĐĐƵƌƐ ŽŶůǇ ŝŶ ŽŶĞ ĚŝƌĞĐƚŝŽŶ ;ƚŽǁĂƌĚ ƚŚĞ ĐĞŶƚĞƌ ŽĨ ƚŚĞ ĐŚĂŶŶĞůͿ Ăƚ ƚŚĞ ƐŝĚĞǁĂůůƐ͘  
ƚŚŝĐŬĞƌ ůĂŵĞůůĂ ;ƚϭсϯŵŵͿĞǆŝƐƚƐĂƚ ƚŚĞĐĞŶƚĞƌŽĨ ƚŚĞĐŚĂŶŶĞů͕ǁŚĞƌĞĚŝĨĨƵƐŝŽŶŽĐĐƵƌƐ
ĂĐƌŽƐƐ ĞĂĐŚ ŝŶƚĞƌĨĂĐĞ͘  dŚĞ ƌĞĚƵĐƚŝŽŶ ŝŶ ĚŝĨĨƵƐŝŽŶ ůĞŶŐƚŚ Ăƚ ƚŚĞ ƐŝĚĞ ǁĂůůƐ ůĞĂĚƐ ƚŽ
ŝŶĐƌĞĂƐĞĚŵĂƐƐĚŝĨĨƵƐŝŽŶŝŶƚŚŝƐƌĞŐŝŽŶ͘WƌŝŽƌƚŽĞŶƚĞƌŝŶŐƚŚĞŵŝǆŝŶŐƌĞŐŝŽŶ͕ƚŚĞƐƉĞĐŝĞƐ
ĂƌĞ ĐŽŶǀĞƌŐĞĚďǇĂŶŽǌǌůĞͲůŝŬĞ ƐƚƌƵĐƚƵƌĞ͕ǁŚŝĐŚ ƌĞĚƵĐĞƐ ƚŚĞǁŝĚƚŚŽĨĞĂĐŚ ƐƵďƐƚƌĞĂŵ͘
&ŽĐƵƐŝŶŐ ĨůƵŝĚ ŝŶ ƐƵĐŚ Ă ŵĂŶŶĞƌ ŚĞůƉƐ ƚŽ ŝŵƉƌŽǀĞ ŵŝǆŝŶŐ͕ ĂƐ ŝƚ ĨŽƌĐĞƐ ƚŚĞ ƐƉĞĐŝĞƐ ƚŽ
ƚƌĂǀĞůŝŶĂĚŝƌĞĐƚŝŽŶŶĞĂƌůǇƉĂƌĂůůĞůƚŽƚŚĞĚŝĨĨƵƐŝŽŶƉĂƚŚ͕ǁŚŝĐŚƉƌŽŵŽƚĞƐƚŚĞĞĨĨĞĐƚƐŽĨ
dĂǇůŽƌĚŝƐƉĞƌƐŝŽŶ;,ŽŶŐĞƚĂů͘ϮϬϬϰͿ͘
^ƉĞĐŝĞƐ ĂƌĞ ƚŚĞŶ ĚŝƌĞĐƚĞĚ ƚŽǁĂƌĚ Ă ƚŽƚĂů ŽĨ ϰϴ ƐƚĂŐŐĞƌĞĚ ƉŝŶ ŽďƐƚƌƵĐƚŝŽŶƐ͘  
ƐƚƵĚǇ ďǇ ŚĂŐĂƚ Ğƚ Ăů͘ ;ϮϬϬϳͿ ƐŚŽǁĞĚ ƚŚĂƚ ĐŝƌĐƵůĂƌ ƉŝŶƐ ŽĨĨĞƌĞĚ ƚŚĞ ůŽǁĞƐƚ ŵŝǆŝŶŐ
ĞĨĨŝĐŝĞŶĐǇ ĂŵŽŶŐƐƚ ƚĞƐƚĞĚ ƐŚĂƉĞƐ͘  dŚĞ ƐŵŽŽƚŚ ĐŽŶƚŽƵƌƐ ŽĨ ĐŝƌĐƵůĂƌ ƉŝŶƐ͕ ŚŽǁĞǀĞƌ͕
ƌĞĚƵĐĞƉƌĞƐƐƵƌĞĚƌŽƉ͘ dŚĞƐĂŵĞƐƚƵĚǇƐŚŽǁĞĚƚŚĂƚƚƌŝĂŶŐƵůĂƌƉŝŶƐŽĨĨĞƌŐŽŽĚŵŝǆŝŶŐ͕
ďƵƚ ĐƌĞĂƚĞ ĚĞĂĚ ǌŽŶĞƐ͘  dŚƵƐ͕ ƚŚĞ ƚĞĂƌ ĚƌŽƉ ƐŚĂƉĞ ĂŝŵƐ ƚŽ ĐŽŵďŝŶĞ ƚŚĞ ďĞŶĞĨŝƚƐ ŽĨ



































ĚƌŽƉ ŽďƐƚƌƵĐƚŝŽŶƐ ƉƌŽŵŽƚĞ ƚŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ ĞĂŶ ǀŽƌƚŝĐĞƐ͘  ĚĚŝƚŝŽŶĂů ŚĂůĨͲŽďƐƚĂĐůĞƐ
ĂůŽŶŐƚŚĞĐŚĂŶŶĞůǁĂůůƐĞŶĐŽƵƌĂŐĞĨůƵŝĚƐĂƚƚŚĞƐŝĚĞǁĂůůƐƚŽƉĂƌƚĂŬĞŝŶŵŝǆŝŶŐ͘ƐƚŚĞ
ƐƉĞĐŝĞƐ ƚƌĂǀĞů ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů ůĞŶŐƚŚ͕ ƚŚĞǇ ĂƌĞ ƌĞƉĞĂƚĞĚůǇ ĐŽŶƐƚƌŝĐƚĞĚ ďǇ ƚŚĞ ƉŝŶƐ͕
ǁŚŝĐŚƐĞƌǀĞƚŽĞŶŚĂŶĐĞŵŝǆŝŶŐĞĨĨŝĐŝĞŶĐǇ͘
ϰ͘ϭ͘Ϯ&ĂďƌŝĐĂƚŝŽŶ
 ƉŽƌƚŝŽŶ ŽĨ ƚŚĞ ŵŝǆĞƌ͕ E ŵĂĐŚŝŶĞĚ ŝŶ ĐĂƐƚ ĂĐƌǇůŝĐ͕ ŝƐ ƐŚŽǁŶ ŝŶ ĨŝŐƵƌĞ ϰ͘ϰ͘




ƐĞƌǀĞƐ ĂƐ Ă ĐŽǀĞƌ ĨŽƌ ƚŚĞŵŝĚĚůĞ ůĂǇĞƌ͘  >ĂǇĞƌƐǁĞƌĞ ĐŚĞŵŝĐĂůůǇ ĨƵƐĞĚ ďǇ ĂƉƉůǇŝŶŐ ĚŝͲ
ŵĞƚŚǇůĐŚůŽƌŝĚĞ͕ƐƵƉƉůŝĞĚǀŝĂĂƐǇƌŝŶŐĞƚŝƉƉĞĚďŽƚƚůĞ͕ƚŽƚŚĞĐĂƐƚĂĐƌǇůŝĐƐƵƌĨĂĐĞƐ͘ĨƚĞƌ
ĂƉƉůǇŝŶŐ ƚŚĞ ďŽŶĚŝŶŐ ĂŐĞŶƚ͕ ƚŚĞ ƚĞƐƚ ƐĞĐƚŝŽŶ ǁĂƐ ƉƌĞƐƐĞĚ ǁŝƚŚ Ă ǁĞŝŐŚƚ ƚŽ ĞŶƐƵƌĞ Ă
ƉƌŽƉĞƌƐĞĂůĂŶĚƌĞĚƵĐĞƚŚĞĂŵŽƵŶƚĂŶĚƐŝǌĞŽĨĂŝƌďƵďďůĞƐƚƌĂƉƉĞĚďĞƚǁĞĞŶůĂǇĞƌƐ͘dŚĞ
ŝŶůĞƚƐ ĂŶĚ ŽƵƚůĞƚǁĞƌĞ ĨŝƚǁŝƚŚ ƚŚƌĞĂĚĞĚ ďĂƌďĞĚ ĐŽŶŶĞĐƚŝŽŶƐ͕ ƚŽǁŚŝĐŚ ĨůĞǆŝďůĞ ƚƵďŝŶŐ
ǁĂƐĂƚƚĂĐŚĞĚ͘ dŚĞĚĞǀŝĐĞǁĂƐƚŚĞŶƚĞƐƚĞĚĨŽƌ ůĞĂŬĂŐĞďǇƐƵƉƉůǇŝŶŐĨůƵŝĚƚŚƌŽƵŐŚďŽƚŚ
ŝŶůĞƚƐ͕ĂŶĚĂĚĚŝƚŝŽŶĂůĚŝͲŵĞƚŚǇůĐŚůŽƌŝĚĞǁĂƐĂƉƉůŝĞĚƚŽƚŚĞƉĞƌŝƉŚĞƌǇŽĨƚŚĞƚĞƐƚƐĞĐƚŝŽŶ͕
ĂƐ ƌĞƋƵŝƌĞĚ͘  ŝͲŵĞƚŚǇů ĐŚůŽƌŝĚĞ ƐŚŽƵůĚ ŽŶůǇ ďĞ ĂƉƉůŝĞĚ ƚŽ Ă ĚƌǇ ƐƵƌĨĂĐĞ ƚŽ ĂǀŽŝĚ ƚŚĞ




 dŽ ŽďƚĂŝŶ ƋƵĂŶƚŝĨŝĂďůĞ ƌĞƐƵůƚƐ ŝŶ ƚĞƌŵƐ ŽĨ ŵŝǆŝŶŐ ƉĞƌĨŽƌŵĂŶĐĞ͕ ŝŶĚƵĐĞĚ
ĨůƵŽƌĞƐĐĞŶĐĞ ĞǆƉĞƌŝŵĞŶƚƐǁĞƌĞ ĐŽŶĚƵĐƚĞĚ͘  /ƚ ƐŚŽƵůĚ ďĞ ŶŽƚĞĚ ƚŚĂƚ ƐĐƌĂƚĐŚĞƐ ŽŶ ƚŚĞ
ŽƵƚĞƌ ƐƵƌĨĂĐĞƐ͕ ƚŽŽů ŵĂƌŬƐ ĂŶĚ ďƵďďůĞƐ ƌĞƐƵůƚŝŶŐ ĨƌŽŵ ďŽŶĚŝŶŐ ƉƌŽĚƵĐƚ ŵĂǇ ĐĂƵƐĞ
ƌĞĨůĞĐƚŝŽŶƐĂŶĚĂůƚĞƌƚŚĞĐĂƉƚƵƌĞĚůŝŐŚƚŝŶƚĞŶƐŝƚǇ͘ƐƐƵĐŚ͕ĂƌĞĂƐĐůĞĂƌŽĨǀŝƐŝďůĞĚĞĨĞĐƚƐ
ǁĞƌĞƐĞůĞĐƚĞĚĂƐƚŚĞůŽĐĂƚŝŽŶƐŽĨŵĞĂƐƵƌĞŵĞŶƚ͘dŚĞƐĞƐƵƌĨĂĐĞĚĞĨĞĐƚƐĚŽŶŽƚĂĨƚĞƌƚŚĞ
ĨůŽǁŝŶŐ ĚŽŵĂŝŶ͘  ĞĨŽƌĞ ƉĞƌĨŽƌŵŝŶŐ ĞǆƉĞƌŝŵĞŶƚƐ͕ Ă ƚĞƐƚǁĂƐ ĐŽŶĚƵĐƚĞĚ ƚŽ ĚĞƚĞƌŵŝŶĞ
ǁŚŝĐŚƐƉĞĐŝĞƐƐŚŽƵůĚĞŶƚĞƌǁŚŝĐŚ ŝŶůĞƚ͗ ĨŝƌƐƚ͕ǁĂƚĞƌǁĂƐƐƵƉƉůŝĞĚǀŝĂ ŝŶůĞƚ͕ǁŚŝůĞƚŚĞ
ĨůƵŽƌĞƐĐĞŶĐĞƐŽůƵƚŝŽŶǁĂƐƐƵƉƉůŝĞĚǀŝĂŝŶůĞƚ͘dŚĞƉƌŽĐĞƐƐǁĂƐƚŚĞŶƌĞǀĞƌƐĞĚĂŶĚƚŚĞ
ĚĞŐƌĞĞ ŽĨ ƌĞĨůĞĐƚŝŽŶƐ ĂůŽŶŐ ƚŚĞ ƐŝĚĞǁĂůůƐǁĂƐ ĐŽŵƉĂƌĞĚƋƵĂůŝƚĂƚŝǀĞůǇ͘ hƐŝŶŐǁĂƚĞƌ ĂƐ
ƚŚĞ ƐƉĞĐŝĞƐ ŝŶ ĐŽŶƚĂĐƚ ǁŝƚŚ ƚŚĞ ƐŝĚĞǁĂůůƐ ǁĂƐ ĨŽƵŶĚ ƚŽ ƌĞĚƵĐĞ ƚŚĞ ĂƉƉĞĂƌĂŶĐĞ ŽĨ
ƌĞĨůĞĐƚŝŽŶƐ͘ƐƐƵĐŚ͕ĂƐǇƌŝŶŐĞĐŽŶƚĂŝŶŝŶŐ/ǁĂƚĞƌǁĂƐƚŚĞŶĂƚƚĂĐŚĞĚƚŽŝŶůĞƚ͕ǁŚŝůĞĂ
ƐǇƌŝŶŐĞĨŝůůĞĚǁŝƚŚĨůƵŽƌĞƐĐĞŶĐĞƐŽůƵƚŝŽŶǁĂƐĂƚƚĂĐŚĞĚƚŽŝŶůĞƚ͘
Ŷ ŽďũĞĐƚŝǀĞ ůĞŶƐǁŝƚŚ Ϯ пŵĂŐŶŝĨŝĐĂƚŝŽŶǁĂƐ ƵƐĞĚ͕ ĂŶĚ ƉƌŽǀŝĚĞĚ Ă ƌĞƐƵůƚĂŶƚ
ŝŵĂŐĞ ƌĞƐŽůƵƚŝŽŶ ŽĨ ĂƉƉƌŽǆŝŵĂƚĞůǇ ϭϲ͘ϲ ђŵͬƉŝǆĞů͘  ƚ ƚŚŝƐ ŵĂŐŶŝĨŝĐĂƚŝŽŶ͕ Ă ƌĞŐŝŽŶ ŽĨ
ĂƉƉƌŽǆŝŵĂƚĞůǇϰ͘ϱŵŵпϯ͘ϰŵŵĐŽƵůĚďĞĐĂƉƚƵƌĞĚďǇ ƚŚĞĐĂŵĞƌĂ͘ Ɛ ƚŚŝƐ ŝƐ ƐŵĂůůĞƌ




ƉĞƌĨŽƌŵĞĚ͕ ĂƐ ĚĞƐĐƌŝďĞĚ ŝŶ ŚĂƉƚĞƌ ϯ͘Ϯ͘ϰ͘  dŚĞ ĐŽƌƌĞƐƉŽŶĚŝŶŐ ĐĂůŝďƌĂƚŝŽŶ ĐƵƌǀĞ ŝƐ










ĞƌƌŽƌ ĐƵƌǀĞ  ;ϰ͘ϯͿ


























 dŽĂƐƐĞƐƐƚŚĞĚĞŐƌĞĞŽĨŵŝǆŝŶŐĂŶĚ ŝŶǀĞƐƚŝŐĂƚĞĨůŽǁƉĂƚƚĞƌŶƐƋƵĂůŝƚĂƚŝǀĞůǇ͕ ĨůŽǁ
ǀŝƐƵĂůŝǌĂƚŝŽŶǁĂƐƉĞƌĨŽƌŵĞĚĨŽƌϭчZĞчϭϬϬ͕ǁŚĞƌĞƚŚĞZĞǇŶŽůĚƐŶƵŵďĞƌǁĂƐďĂƐĞĚŽŶ
ƚŚĞŚǇĚƌĂƵůŝĐĚŝĂŵĞƚĞƌŽĨ ƚŚĞŵĂŝŶĐŚĂŶŶĞů͕ĂŶĚƚŚĞ ƚŽƚĂů ĨůƵŝĚ ĨůŽǁ͘ tŝƚŚĂĚŝĨĨƵƐŝŽŶ
ĐŽĞĨĨŝĐŝĞŶƚŽĨϰ͘ϬпϭϬͲϭϬŵϮͬƐ͕ƚŚĞĐŽƌƌĞƐƉŽŶĚŝŶŐWĠĐůĞƚŶƵŵďĞƌƐĂƌĞϮ͘ϱпϭϬϯчWĞчϮ͘ϱ
п ϭϬϱ͕ ĂŶĚ ƚŚĞ ^ĐŚŵŝĚƚ ŶƵŵďĞƌ ŝƐ ĂƉƉƌŽǆŝŵĂƚĞůǇ Ϯ͘ϱп ϭϬϯ͘  &ŽƵƌ ůŽĐĂƚŝŽŶƐ ĂůŽŶŐ ƚŚĞ
ĐŚĂŶŶĞůůĞŶŐƚŚ͕ĚĞŶŽƚĞĚĂƐ>ϭ͕>Ϯ͕>ϯĂŶĚ>ϰǁĞƌĞƐĞůĞĐƚĞĚĨŽƌŝŶǀĞƐƚŝŐĂƚŝŽŶ͕ĂƐƐŚŽǁŶŝŶ
ĨŝŐƵƌĞϰ͘ϯ͘
















ĂƐ ƚŚŽƐĞ Ăƚ ŚŝŐŚĞƌ ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ͕ ŝŶĚŝĐĂƚŝŶŐ ƚŚĞ ŽŶƐĞƚ ŽĨŵĂƐƐ ƚƌĂŶƐĨĞƌ ǀŝĂŵĂƐƐ
ĚŝĨĨƵƐŝŽŶĂĐƌŽƐƐƚŚĞƐƉĞĐŝĞƐ ŝŶƚĞƌĨĂĐĞ͘ ƐĞǆƉĞĐƚĞĚ͕ĂĐŽŵƉĂƌŝƐŽŶŽĨ ŝŵĂŐĞƐĂůŽŶŐƚŚĞ
ĐŚĂŶŶĞů ůĞŶŐƚŚ ƐŚŽǁƐ ŝŶĐƌĞĂƐŝŶŐůǇ ďůƵƌƌĞĚ ŝŶƚĞƌĨĂĐĞƐ ĂŶĚŵŽƌĞ ŚŽŵŽŐĞŶĞŽƵƐ ƐƉĞĐŝĞƐ
ĚŝƐƚƌŝďƵƚŝŽŶ͕ŝŶĚŝĐĂƚŝŶŐĂŶŝŶĐƌĞĂƐĞĚĚĞŐƌĞĞŽĨŵŝǆŝŶŐ͘dŚĞŝŵƉŽƌƚĂŶĐĞŽĨŵĂƐƐĚŝĨĨƵƐŝŽŶ
ĂƚůŽǁZĞǇŶŽůĚƐŶƵŵďĞƌƐŝƐŽďƐĞƌǀĞĚĂƚƚŚĞŽƵƚůĞƚ;>ϰͿ͕ǁŚĞƌĞZĞсϭƉƌŽǀŝĚĞƐƚŚĞŵŽƐƚ
ŚŽŵŽŐĞŶŽƵƐ ŵŝǆƚƵƌĞ͕ ĂŶĚ ƚŚƵƐ ƚŚĞ ŚŝŐŚĞƐƚ ĚĞŐƌĞĞ ŽĨ ŵŝǆŝŶŐ ĐŽŵƉĂƌĞĚ ƚŽ ŽƚŚĞƌ


















ĚŝƐƚŝŶŐƵŝƐŚ ƐŝĚĞǁĂůů ůĂŵĞůůĂĞ͕ ĂŶĚ ŵŝǆŝŶŐ ĂƉƉĞĂƌƐ ƚŽ ďĞ ĞŶŚĂŶĐĞĚ ĐŽŵƉĂƌĞĚ ƚŽ ƚŚĞ
ŽƵƚůĞƚƐĂƚZĞсϭϬĂŶĚϱϬ͘ƚZĞсϱϬ͕ƐŝĚĞǁĂůůůĂŵĞůůĂĞĂƌĞĂŐĂŝŶŶŽƚĐůĞĂƌůǇŝĚĞŶƚŝĨŝĂďůĞ͕
ǁŚĞƌĞĂƐƐĞǀĞŶĚŝƐƚŝŶĐƚ ůĂŵĞůůĂ ƌĞŵĂŝŶĂƚ ƚŚĞŽƵƚůĞƚĂƚZĞсϭϬ͕ ŝŶĚŝĐĂƚŝŶŐƉŽŽƌŵŝǆŝŶŐ
ĐŽŵƉĂƌĞĚƚŽƚŚĞŽƚŚĞƌŝŶǀĞƐƚŝŐĂƚĞĚĐĂƐĞƐ͘dŚĞƉŚĞŶŽŵĞŶĂƌĞƐƉŽŶƐŝďůĞĨŽƌƚŚĞǀĂƌǇŝŶŐ
ĚĞŐƌĞĞƐŽĨ ŚŽŵŽŐĞŶĞŝƚǇ͕ ŶĂŵĞůǇ ƚŚĞ ĂƉƉĞĂƌĂŶĐĞŽĨǁĞůůŵŝǆĞĚ ƌĞŐŝŽŶƐĂƚ ůŽĐĂƚŝŽŶƐ
ĂŶĚ͕ĂŶĚƚŚĞĨŽƌŵĂƚŝŽŶŽĨĂĚĚŝƚŝŽŶĂůůĂŵĞůůĂĞĂƚůŽĐĂƚŝŽŶƐͲ͕ĂƌĞĨƵƌƚŚĞƌĞǆƉůŽƌĞĚďǇ
ĐŽŵƉĂƌŝŶŐĨůŽǁǀŝƐƵĂůŝǌĂƚŝŽŶƌĞƐƵůƚƐǁŝƚŚ/&ĚĂƚĂ͘




ƌĞĨůĞĐƚŝŽŶƐ͕ǁŚŝĐŚ ĂƉƉĞĂƌ ĂƐ ŚŝŐŚ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ƌĞŐŝŽŶƐ͕ ĂƐ ƐŚŽǁŶ ŝŶ ƚŚĞ ĨŝŐƵƌĞ͘  dŚĞ
ĨůŽǁ ǀŝƐƵĂůŝǌĂƚŝŽŶ ŝŵĂŐĞ ƐŚŽǁƐ ƚŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ ĂŶ ĂƉƉĂƌĞŶƚůǇ ǁĞůů ŵŝǆĞĚ ƌĞŐŝŽŶ Ăƚ
ůŽĐĂƚŝŽŶ&͘&ƌŽŵĨůŽǁǀŝƐƵĂůŝǌĂƚŝŽŶĂůŽŶĞ͕ŝƚŝƐĚŝĨĨŝĐƵůƚƚŽĚŝƐƚŝŶŐƵŝƐŚǁĞůůŵŝǆĞĚƌĞŐŝŽŶƐ
ĨƌŽŵ ŽǀĞƌůĂƉƉŝŶŐ ĨůƵŝĚƐ͕ ĂŶĚ ƐŚĂƌƉ ĐŽŶƚƌĂƐƚ ŝƐ ŶŽƚ ĞĂƐŝůǇ ŽďƐĞƌǀĞĚ͘  dŚĞ ŝŶĚƵĐĞĚ
ĨůƵŽƌĞƐĐĞŶĐĞ ŝŵĂŐĞĐŽŶĨŝƌŵƐƚŚĞƉƌĞƐĞŶĐĞŽĨĂƐĞĞŵŝŶŐůǇǁĞůůŵŝǆĞĚƌĞŐŝŽŶ͕ĂƐƐŚŽǁŶ
ďǇ ůŽĐĂƚŝŽŶ '͘  dŚĞ ƌĞŐŝŽŶ ŽĨ ǁĞůů ŵŝǆĞĚ ĨůƵŝĚ͕ ŝŶ ĨĂĐƚ͕ ƌĞƉƌĞƐĞŶƚƐ Ă ƚŝůƚĞĚ ƐƉĞĐŝĞƐ
ŝŶƚĞƌĨĂĐĞ ƌĞƐƵůƚŝŶŐ ĨƌŽŵ ƚŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ Ă ĞĂŶ ǀŽƌƚĞǆ͘  Ɛ ĨůƵŝĚ ĨůŽǁƐ ĂƌŽƵŶĚ ƚŚĞ
ĐƵƌǀĞĚǁĂůůŽĨ ƚŚĞƚĞĂƌĚƌŽƉĞůĞŵĞŶƚ͕Ăůů ĨůƵŝĚ ůĂŵĞůůĂĞĂƌĞ ĨŽƌĐĞĚƚŽĐŚĂŶŐĞĚŝƌĞĐƚŝŽŶ
ƐůŝŐŚƚůǇ͕ŵƵůƚŝƉůĞƚŝŵĞƐĂůŽŶŐ ƚŚĞ ůĞŶŐƚŚŽĨƚŚĞĐŚĂŶŶĞů͘ ,ŝŐŚĞƌͲŵŽŵĞŶƚƵŵƐƉĞĐŝĞƐ ŝŶ






























































































ĨůƵŝĚǁŽƵůĚƉƌŽƉĂŐĂƚĞĚŽǁŶƐƚƌĞĂŵ͘ dŚĞ ƐĂŵĞƉŚĞŶŽŵĞŶŽŶ ŝƐŽďƐĞƌǀĞĚĂƚZĞсϭϬϬ͕
ǁŚĞƌĞ ƚŚĞ ĞĨĨĞĐƚ ŽĨ ĞĂŶ ǀŽƌƚŝĐĞƐ ŝƐ ƐƚƌŽŶŐĞƌ͘  dŚĞ ĞĂŶ ǀŽƌƚŝĐĞƐ ƉƌĞƐĞŶƚ Ăƚ ƚŚĞ ƉŝŶ
ĞůĞŵĞŶƚƐ Ăƚ ŚŝŐŚĞƌ ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ ƐƚƌĞƚĐŚ ƚŚĞ ĨůƵŝĚ ŝŶƚĞƌĨĂĐĞ͕ ŝŶĐƌĞĂƐŝŶŐ ƚŚĞ ĂƌĞĂ
ĂǀĂŝůĂďůĞĨŽƌŵĂƐƐƚƌĂŶƐĨĞƌ͘
dŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ ĂĚĚŝƚŝŽŶĂů ůĂŵĞůůĂĞǁĂƐ ŽďƐĞƌǀĞĚ Ăƚ ƚŚĞ ƐŝĚĞǁĂůů Ăƚ ZĞ с ϱϬ͕
ĂŶĚĂƚďŽƚŚƚŚĞƐŝĚĞǁĂůůĂŶĚĐĞŶƚĞƌŽĨƚŚĞĐŚĂŶŶĞůĂƚZĞсϭϬϬ͕ĂƐƐŚŽǁŶďǇůŽĐĂƚŝŽŶƐͲ
ŝŶĨŝŐƵƌĞϰ͘ϲ͘&ŝŐƵƌĞϰ͘ϴƉƌĞƐĞŶƚƐůŽĐĂƚŝŽŶ>ϯĂƚZĞсϱϬ͘ǇĞǀĂƌŝĂƚŝŽŶĂƚƚŚĞƐŝĚĞǁĂůů
ŝƐ ĚŝĨĨŝĐƵůƚ ƚŽ ĚŝƐƚŝŶŐƵŝƐŚ Ăƚ ůŽĐĂƚŝŽŶ /͕ ƵƐŝŶŐ ĨůŽǁ ǀŝƐƵĂůŝǌĂƚŝŽŶ͘  /ŶĚƵĐĞĚ ĨůƵŽƌĞƐĐĞŶĐĞ
ŵĞĂƐƵƌĞŵĞŶƚƐ ƐŚŽǁ ƚŚĞ ƉƌĞƐĞŶĐĞ ŽĨ ĂĚĚŝƚŝŽŶĂů ƐƚƌŝĂƚŝŽŶƐ Ăƚ ůŽĐĂƚŝŽŶ :͕ ĂŶĚ ƚŚĞ
ĐŽŶĐĞŶƚƌĂƚŝŽŶ ĚŝƐƚƌŝďƵƚŝŽŶ ĚĂƚĂ ;ĨŝŐƵƌĞ ϰ͘ϴĐͿ ƐŚŽǁƐ ĂĚĚŝƚŝŽŶĂů ƉĞĂŬƐ ĂŶĚ ǀĂůůĞǇƐ
ĐŽƌƌĞƐƉŽŶĚŝŶŐƚŽƌĞŐŝŽŶƐŽĨŚŝŐŚĂŶĚ ůŽǁĐŽŶĐĞŶƚƌĂƚŝŽŶ͕ƌĞƐƉĞĐƚŝǀĞůǇ͘ ƚZĞсϱϬ͕ĨŝǀĞ
ůĂŵĞůůĂĞ ĂƌĞ ŽďƐĞƌǀĞĚ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů ŚĂůĨͲǁŝĚƚŚ͕ ǁŚĞƌĞĂƐ ĨŽƵƌ ůĂŵĞůůĂĞ ǁĞƌĞ
ƉƌĞƐĞŶƚĂůŽŶŐƚŚĞŚĂůĨͲǁŝĚƚŚĂƚƚŚĞŝŶůĞƚ͘ dŚĞŶĞǁůǇĨŽƌŵĞĚůĂŵĞůůĂĞĂƌĞƚŚŝŶŶĞƌƚŚĂŶ
ƚŚĞ ŽƌŝŐŝŶĂůƐ͕ ĂŶĚ ĂƌĞ ƚŚƵƐ ƐƵďũĞĐƚ ƚŽ ĨĂƐƚĞƌ ĚŝĨĨƵƐŝŽŶ͕ ĂƐ ĞǀŝĚĞŶĐĞĚ ďǇ ƚŚĞŝƌ ƌĞĚƵĐĞĚ
ĂŵƉůŝƚƵĚĞ ŝŶ ĨŝŐƵƌĞ ϰ͘ϴĐ͘  dŚŝƐ ŝŶĐƌĞĂƐĞ ŝŶ ƚŚĞ ŶƵŵďĞƌ ŽĨ ůĂŵĞůůĂĞ ĂŶĚ ƌĞĚƵĐƚŝŽŶ ŝŶ
ƐƚƌŝĂƚŝŽŶ ƚŚŝĐŬŶĞƐƐ ĂĐĐŽƵŶƚƐ ĨŽƌ ƚŚĞ ŝŵƉƌŽǀĞĚŵŝǆŝŶŐŽďƐĞƌǀĞĚĂůŽŶŐ ƚŚĞ ƐŝĚĞǁĂůůƐ Ăƚ
ƚŚĞ ŽƵƚůĞƚ ĂƐ Ă ƌĞƐƵůƚ ŽĨ ŝŶĐƌĞĂƐĞĚ ŝŶƚĞƌĨĂĐŝĂů ĂƌĞĂ ĂŶĚ ƌĞĚƵĐĞĚ ƉĂƚŚ ŽĨ ĚŝĨĨƵƐŝŽŶ͘  
ƐŝŵŝůĂƌƉŚĞŶŽŵĞŶĂŝƐŽďƐĞƌǀĞĚĂƚĂŚŝŐŚĞƌZĞǇŶŽůĚƐŶƵŵďĞƌ;ZĞсϭϬϬͿ͕ďƵƚƚŽĂŐƌĞĂƚĞƌ
ĞǆƚĞŶƚ͕ĂƐƐŚŽǁŶďǇůŽĐĂƚŝŽŶŝŶĨŝŐƵƌĞϰ͘ϲ͘dŚŝƐƉŚĞŶŽŵĞŶŽŶ͕ŶĂŵĞůǇƚŚĞĨŽƌŵĂƚŝŽŶŽĨ
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ŽĨ ƐŝŐŶŝĨŝĐĂŶƚ ƌĞƐŝĚĞŶĐĞ ƚŝŵĞ ĂŶĚ ůĂĐŬ ŽĨ ĐŚĂŽƚŝĐ ĂĚǀĞĐƚŝŽŶ Ăƚ ZĞ с ϭϬ͕ ĨŽƵƌ ĚŝƐƚŝŶĐƚ
ƌĞŐŝŽŶƐ ƌĞŵĂŝŶ ĚŝƐƚŝŶĐƚůǇ ŝĚĞŶƚŝĨŝĂďůĞ ŝŶ ĨŝŐƵƌĞ ϰ͘ϵď͘  ǆƚƌĞŵĞ ƉĞĂŬƐ ĂŶĚ ǀĂůůĞǇƐ ŝŶ
ĐŽŶĐĞŶƚƌĂƚŝŽŶ ĚŝƐƚƌŝďƵƚŝŽŶ ĚĞŵŽŶƐƚƌĂƚĞ Ă ůĂĐŬ ŽĨ ĞĨĨĞĐƚŝǀĞŵŝǆŝŶŐ͘  ^ŝĚĞǁĂůů ŵŝǆŝŶŐ ŝƐ
ŶĞŐůŝŐŝďůĞ͕ ĂŶĚ ƐƉĞĐŝĞƐ ĨůŽǁ ĂƌŽƵŶĚ ƚŚĞ ĐŽŶƚŽƵƌƐ ŽĨ ƚŚĞ ƉŝŶƐ ǁŝƚŚŽƵƚ ĂŶǇ ŶŽƚĂďůĞ
ĐŚĂŶŐĞƐ ŝŶ ĨůŽǁ ƉĂƚƚĞƌŶ Žƌ ŝŶƚĞƌĨĂĐĞ ĚŝƐƚŽƌƚŝŽŶ͕ ƵŶůŝŬĞ Ăƚ ŚŝŐŚĞƌ ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ͕
ǁŚĞƌĞĞĂŶǀŽƌƚŝĐĞƐĂŶĚĂĚĚŝƚŝŽŶĂůůĂŵĞůůĂĞĐŽŶƚƌŝďƵƚĞƚŽŝŶĐƌĞĂƐĞĚŵŝǆŝŶŐ͘
dŽ ũƵĚŐĞ ƉĞƌĨŽƌŵĂŶĐĞ͕ ŽŶĞ ƚǇƉŝĐĂůůǇ ĨŽĐƵƐĞƐ ŽŶ ƚŚĞ ĚĞŐƌĞĞ ŽĨ ŵŝǆŝŶŐ Ăƚ ƚŚĞ
ŽƵƚůĞƚŽĨĂŵŝǆĞƌ͘&ŝŐƵƌĞϰ͘ϭϬƐŚŽǁƐƚŚĞĐŽŶĐĞŶƚƌĂƚŝŽŶŵĂƉƐĂƚƚŚĞŽƵƚůĞƚ;>ϰͿŽǀĞƌϭч
ZĞ ч ϱϬ͘  KǀĞƌ Ăůů ŝŶǀĞƐƚŝŐĂƚĞĚ ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ͕ ƚŚĞ ŵŽƐƚ ƵŶŝĨŽƌŵ ĐŽŶĐĞŶƚƌĂƚŝŽŶ
ĚŝƐƚƌŝďƵƚŝŽŶ ĂƉƉĞĂƌƐ Ăƚ ƚŚĞ ƐŝĚĞǁĂůůƐ͕ ŝŶĚŝĐĂƚŝŶŐ ƚŚĞ ĞĨĨĞĐƚŝǀĞŶĞƐƐ ŽĨ ƚŚĞ ƌĞĚƵĐĞĚ








































































































ƚŚŝƐ ĨŝŐƵƌĞ͕ Ă ƐƚĞĞƉ ŝŶĐƌĞĂƐĞ ŝŶŵŝǆŝŶŐ ŝƐ ŽďƐĞƌǀĞĚ ĐůŽƐĞ ƚŽ ƚŚĞ ŝŶůĞƚ͕ǁŚŝůĞ ƚŚĞ ƌĂƚĞŽĨ
ŝŶĐƌĞĂƐĞ ŝŶŵŝǆŝŶŐĚĞĐƌĞĂƐĞƐĂůŽŶŐ ƚŚĞĐŚĂŶŶĞů ůĞŶŐƚŚ͘ dŚŝƐ ŝƐĂƚƚƌŝďƵƚĞĚƚŽ ƚŚĞ ůĂƌŐĞƌ






























ƌĂƚĞŽĨ ŝŶĐƌĞĂƐĞ ŝŶŵŝǆŝŶŐ ŝƐ Ă ƌĞƐƵůƚŽĨ ƚŚĞ ĨŽƌŵĂƚŝŽŶŽĨĂĚĚŝƚŝŽŶĂů ůĂŵĞůůĂĞĂůŽŶŐ ƚŚĞ
ƐŝĚĞǁĂůůƐ͕ǁŚŝĐŚĨƵƌƚŚĞƌƌĞĚƵĐĞƚŚĞƉĂƚŚŽĨĚŝĨĨƵƐŝŽŶ͘KŶĐĞƚŚĞĂĚĚŝƚŝŽŶĂůůĂŵĞůůĂĞŚĂǀĞ
ďĞĞŶ ĨŽƌŵĞĚ͕ ƚŚĞ ƌĂƚĞ ŽĨ ŵŝǆŝŶŐ ŝŶĐƌĞĂƐĞ ĚĞĐƌĞĂƐĞƐ͕ ĂƐ ƚŚĞ ĂĚĚŝƚŝŽŶĂů ƐƵƌĨĂĐĞ ĂƌĞĂ
ĂǀĂŝůĂďůĞ ĨŽƌ ĚŝĨĨƵƐŝŽŶ ƌĞůŝĞƐŵĂŝŶůǇ ŽŶ ƚŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ ĞĂŶ ǀŽƌƚŝĐĞƐ ĂŶĚ ŝŶƚĞƌĨĂĐĞƐ
ŵĞĂŶĚĞƌŝŶŐ ĂƌŽƵŶĚ ƚŚĞ ƉŝŶ ŽďƐƚƌƵĐƚŝŽŶƐ͘  &ƌŽŵ ƚŚŝƐ ƋƵĂŶƚŝƚĂƚŝǀĞ ĚĂƚĂ͕ ƚŚĞ ŚŝŐŚĞƐƚ
ŵŝǆŝŶŐŝŶĚĞǆ͕Ϭ͘ϲϴ͕ŝƐƌĞƉŽƌƚĞĚĂƚZĞсϭ͘
 &ŝŐƵƌĞϰ͘ϭϮƉƌĞƐĞŶƚƐ ƚŚĞǀĂƌŝĂƚŝŽŶ ŝŶŵŝǆŝŶŐ ŝŶĚĞǆĂƚ ƚŚĞŽƵƚůĞƚǁŝƚŚ ŝŶĐƌĞĂƐŝŶŐ
ZĞǇŶŽůĚƐŶƵŵďĞƌ͘ƐƐŚŽǁŶŝŶƚŚĞĨŝŐƵƌĞ͕ĂĚĞĐƌĞĂƐŝŶŐͲŝŶĐƌĞĂƐŝŶŐƚƌĞŶĚŝŶƚŚĞĚĞŐƌĞĞ





ůĂŵĞůůĂĞ͖ ĞĂŶ ǀŽƌƚŝĐĞƐ ǁĞƌĞ ŽďƐĞƌǀĞĚ ŽŶůǇ ďĞǇŽŶĚ ZĞ с Ϯϱ͘  dŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ
ĂĚĚŝƚŝŽŶĂů ůĂŵĞůůĂĞ ŝŶĐƌĞĂƐĞƐ ŵŝǆŝŶŐ ĞĨĨŝĐŝĞŶĐǇ Ăƚ ŚŝŐŚ ZĞ ďǇ ŝŶĐƌĞĂƐŝŶŐ ƚŚĞ ƐƉĞĐŝĞƐ







ŽĨ ϲ͘Ϯϱ п ϭϬϰ ŵĂƌŬƐ ƚŚĞ ƚƌĂŶƐŝƚŝŽŶ ƉŽŝŶƚ ŝŶ ƚŚŝƐ ĚĞǀŝĐĞ͘  dŚĞ ŽƵƚůĞƚ ŵŝǆŝŶŐ ŝŶĚŝĐĞƐ




 EƵŵĞƌŽƵƐƉĂƌĂŵĞƚĞƌƐŚĂǀĞďĞĞŶĚĞĨŝŶĞĚ ŝŶƚŚĞ ůŝƚĞƌĂƚƵƌĞ ƚŽĂƐƐĞƐƐƚŚĞŵŝǆŝŶŐ
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parameters as well as the statistical approaches used to compute these efficiencies vary 
from author to author, rendering accurate comparison challenging.  To compare the 
mixing performance of devices, one must manipulate one’s own data to reflect 
equations used by other authors.  A variety of factors, including number of data points, 
location of measurement plane/line, and reference concentration values affect results.  












or may be based on the requirements of perfect mixing, i.e. Cref = 0.5.  Mixing values 





















Stroock et al. (2002) Pe = 2e3
Stroock et al. (2002) Pe = 2e4
Stroock et al. (2002) Pe = 2e5
Nguyen et al. (2008) Pe = 5.5e3
Nguyen et al. (2008) Pe = 1.1e4
Nguyen et al. (2008) Pe = 2.8e4
Fan and Hassan (2010) Pe = 2.5e4
Fan and Hassan (2010) Pe = 5e4





Figure 4.13: Variation in standard deviation along the comparable mixing length for 
various Péclet numbers.   
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ƉƌŽĐĞƐƐ͕ Ă ĐĂůŝďƌĂƚŝŽŶ ƚĂŶŬ͕ǁŚŝĐŚŚĂƐ ƚŚĞ ƐĂŵĞĚĞƉƚŚ ĂƐ ƚŚĞŵĂŝŶ ĐŚĂŶŶĞů͕ŚĂƐďĞĞŶ
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 dŚƌĞĞĚŝŵĞŶƐŝŽŶĂůĨůƵŝĚĚŽŵĂŝŶƐŚŽǁŝŶŐůŽĐĂƚŝŽŶƐŽĨŵĞĂƐƵƌĞŵĞŶƚ͘




ĂƌĞĂ ĂŶĚ ƌĞĚƵĐĞƐ ƚŚĞ ƐƚƌŝĂƚŝŽŶ ƚŚŝĐŬŶĞƐƐ͕ ƚŚƵƐ ĞŶŚĂŶĐŝŶŐ ƚŚĞ ĚĞŐƌĞĞ ŽĨ ŵŝǆŝŶŐ͘  dŚĞ
ĐƵƌǀĞĚ ƉŽƌƚŝŽŶƐ ŽĨ ƚŚĞ ĐŚĂŶŶĞů ƐĞƌǀĞ ƚŽ ƉƌŽŵŽƚĞ ƚŚĞ ĨŽƌŵĂƚŝŽŶ ŽĨ ĞĂŶ ǀŽƌƚŝĐĞƐ Ăƚ
ŚŝŐŚĞƌ ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ͘  /ƚ ŝƐ ǁŽƌƚŚ ŶŽƚŝŶŐ ƚŚĂƚ Ăƚ ZĞ с Ϭ͘ϱ ĂŶĚ ϭϬϬ͕ ŽƐĐŝůůĂƚŝŽŶƐ
ƉƌĞǀĞŶƚĞĚ /&ŵĞĂƐƵƌĞŵĞŶƚƐ͘  dŚĞƵƐĞŽĨ ƚǁŽ ƐĞƉĂƌĂƚĞ ƐǇƌŝŶŐĞƉƵŵƉƐ ƐƵƉƉůǇŝŶŐ ĨůƵŝĚƐ
ƚŚƌŽƵŐŚĂzͲŝŶůĞƚƌĞƐƵůƚĞĚŝŶǀŝƐŝďůĞŽƐĐŝůůĂƚŝŽŶƐĂƚƚŚĞƐĞZĞǇŶŽůĚƐŶƵŵďĞƌƐ͘
          	 









ŵĞƚĂů ĐůŝƉƐ ǁĞƌĞ ƚŚĞŶ ƉůĂĐĞĚ ĂůŽŶŐ ƚŚĞ ƉĞƌŝŵĞƚĞƌ ŽĨ ĚĞǀŝĐĞ͘  dŚĞ ŵŝǆĞƌ ǁĂƐ ĞĂƐŝůǇ




ƚŚĞ ĐŚĂŶŶĞůƐ͕ ĂƐ ĚĞƐĐƌŝďĞĚ ŝŶ ĐŚĂƉƚĞƌ ϯ͘ϰ͘ YƵĂĚƌŝůĂƚĞƌĂů ŐƌŝĚƐǁĞƌĞ ĂƉƉůŝĞĚ ŝŶ ƚŚĞ ǆͲǌ
ƉůĂŶĞ͕ ĂŶĚ ƚŚĞ ĨůƵŝĚ ǀŽůƵŵĞ ǁĂƐ ĐƌĞĂƚĞĚ ďǇ ĞǆƚĞŶĚŝŶŐ ƚŚĞ ƉůĂŶĞ ǀĞƌƚŝĐĂůůǇ ŝŶ ƚŚĞ ǇͲ
ĚŝƌĞĐƚŝŽŶ͕ ĂƐ ƐŚŽǁŶ ŝŶ ĨŝŐƵƌĞϱ͘ϰ͘  ƌĞĨŝŶĞĚŵĞƐŚǁĂƐ ĂƉƉůŝĞĚ ƚŽ ƚŚĞ ĐƵƌǀĞĚ͕ ŐƌŽŽǀĞͲ
ĞŶŚĂŶĐĞĚĐŚĂŶŶĞůƉŽƌƚŝŽŶƐ͕ǁŚĞƌĞĨůŽǁƉĂƚƚĞƌŶƐǁĞƌĞĞǆƉĞĐƚĞĚƚŽďĞĐŽŵƉůĞǆ͘/ŶƚŚĞ
ƐƚƌĂŝŐŚƚ ĐŚĂŶŶĞůƉŽƌƚŝŽŶ͕ĂŵŽƌĞĐŽĂƌƐĞŵĞƐŚǁĂƐĂƉƉůŝĞĚ͘ dŽ ƌĞĚƵĐĞĐŽŵƉƵƚĂƚŝŽŶĂů
ƚŝŵĞ͕ ŐƌŝĚ ŝŶĚĞƉĞŶĚĞŶĐĞǁĂƐƉĞƌĨŽƌŵĞĚĂƚZĞс ϭϬϬŽŶĂ ƐŝŶŐůĞŵŝǆŝŶŐĞůĞŵĞŶƚ ;ŽŶĞ
ƐĞŵŝͲĐŝƌĐůĞͿĂůŽŶŐǁŝƚŚ ƚŚĞ ŝŶůĞƚ ƚŽĚĞƚĞƌŵŝŶĞ ƚŚĞĂƉƉƌŽƉƌŝĂƚĞŐƌŝĚ ƐǇƐƚĞŵ͘  &ŝŐƵƌĞϱ͘ϱ
ƉƌĞƐĞŶƚƐ ƚŚĞŶŽƌŵĂůŝǌĞĚ ĐŽŶĐĞŶƚƌĂƚŝŽŶĚŝƐƚƌŝďƵƚŝŽŶ ĂŶĚ ƚŚĞ ǀĞůŽĐŝƚǇĚŝƐƚƌŝďƵƚŝŽŶ ĂůŽŶŐ
























WƌŝŽƌ ƚŽƵƐŝŶŐŶƵŵĞƌŝĐĂů ƐŝŵƵůĂƚŝŽŶƐ ƚŽĚĞƐĐƌŝďĞ ĨůŽǁƉĂƚƚĞƌŶƐĂŶĚƉŚĞŶŽŵĞŶĂ
ŽďƐĞƌǀĞĚ ƚŚƌŽƵŐŚ ĞǆƉĞƌŝŵĞŶƚ͕ ŝƚ ŝƐ ŶĞĐĞƐƐĂƌǇ ƚŽ ǀĂůŝĚĂƚĞ ƚŚĞ ŶƵŵĞƌŝĐĂů ǁŽƌŬ͘
YƵĂůŝƚĂƚŝǀĞůǇ͕ ŶƵŵĞƌŝĐĂůůǇ ŽďƚĂŝŶĞĚ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ĚŝƐƚƌŝďƵƚŝŽŶ ŵĂƉƐ ĂƌĞ ĐŽŵƉĂƌĞĚ ƚŽ
ĨůŽǁ ǀŝƐƵĂůŝǌĂƚŝŽŶ ŝŵĂŐĞƐ͘  &ŝŐƵƌĞ ϱ͘ϲ ƉƌĞƐĞŶƚƐ ƚŚĞ ƐƉĞĐŝĞƐ ĚŝƐƚƌŝďƵƚŝŽŶ ŽďƚĂŝŶĞĚ ǀŝĂ
ŶƵŵĞƌŝĐĂůƐŝŵƵůĂƚŝŽŶĂŶĚĨůŽǁǀŝƐƵĂůŝǌĂƚŝŽŶŝŶƚŚĞĨŝƌƐƚĐǇĐůĞ;ĨŝƌƐƚƚǁŽŵŝǆŝŶŐĞůĞŵĞŶƚƐͿ
ŽĨ ƚŚĞ ŵŝǆĞƌ Ăƚ ZĞ с ϱϬ͘   &ŝŐƵƌĞ ϱ͘ϲĂ ƉƌĞƐĞŶƚƐ ƌŽƚĂƚŝŽŶ ŽďƐĞƌǀĞĚ ƚŚƌŽƵŐŚ ĨůŽǁ
ǀŝƐƵĂůŝǌĂƚŝŽŶ͘^ƉĞĐŝĞƐĂƉƉĞĂƌĂƐƐĞŵŝͲƚƌĂŶƐƉĂƌĞŶƚůŝƋƵŝĚƐ͕ĂŶĚƌĞŵĂŝŶǀŝƐŝďůĞƚŚƌŽƵŐŚŽƵƚ
ƚŚĞĐŚĂŶŶĞůĚĞƉƚŚ͘ƐƐƵĐŚ͕ĨůƵŝĚƐĐůŽƐĞƌƚŽƚŚĞƚŽƉƐƵƌĨĂĐĞĂƉƉĞĂƌƚŽďĞƉƌĞĚŽŵŝŶĂŶƚ͕
ĂŶĚ ŝƚ ŝƐ ĐŚĂůůĞŶŐŝŶŐ ƚŽ ĚŝƐƚŝŶŐƵŝƐŚ ǁĞůů ŵŝǆĞĚ ƌĞŐŝŽŶƐ ĨƌŽŵ ĐƵƌǀĞĚ ŝŶƚĞƌĨĂĐĞƐ ĂŶĚ
ŽǀĞƌůĂƉƉŝŶŐ ĨůƵŝĚƐ͘  Ɛ Ă ƐŝŶŐůĞ ƉůĂŶĞ ŝƐ ŝŶƐƵĨĨŝĐŝĞŶƚ ƚŽ ĂĐĐƵƌĂƚĞůǇ ĐŽŵƉĂƌĞ ƚŚĞ ĨůŽǁ
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ĂͿ ďͿ























































ǀŝƐƵĂůŝǌĂƚŝŽŶ ĂŶĚ ŶƵŵĞƌŝĐĂů ƌĞƐƵůƚƐ͕ ĨŝŐƵƌĞƐ ϱ͘ϲ ď ĂŶĚ Đ ƉƌĞƐĞŶƚ ƚŚĞ ĐŽŶĐĞŶƚƌĂƚŝŽŶ









































dŚĞƐƉĞĐŝĞƐ ŝŶĐŽŶƚĂĐƚǁŝƚŚƐŝĚĞǁĂůůɲĂƉƉĞĂƌƐƚŚŝŶŶĞƌĂƚ ůŽĐĂƚŝŽŶƚŚĂŶĂƚ ůŽĐĂƚŝŽŶ
ĚƵĞƚŽ ƚŚĞĐƵƌǀĞĚŶĂƚƵƌĞŽĨ ƚŚĞƐƉĞĐŝĞƐ ŝŶƚĞƌĨĂĐĞĂŶĚƚŚĞƐĞůĞĐƚĞĚƉůĂŶĞ͘  >ŽĐĂƚŝŽŶ͕
ƚĂŬĞŶ Ăƚ ƚŚĞ ƚŽƉ ƉůĂŶĞ͕ ƐŚŽǁƐ Ă ĐŽŶƐŝĚĞƌĂďůǇ ƚŚŝĐŬĞƌ ƐƚƌŝĂƚŝŽŶ Ăƚ ƚŚĞ ƐŝĚĞǁĂůů͘  
ĐŽŵƉĂƌŝƐŽŶŽĨůŽĐĂƚŝŽŶƐĂŶĚ&ƐŚŽǁĂŶĂƉƉĂƌĞŶƚůĂĐŬŽĨƌŽƚĂƚŝŽŶĂƚůŽĐĂƚŝŽŶ&͖ƌŽƚĂƚŝŽŶ
ŝƐ ŵŽƌĞ ĂƉƉĂƌĞŶƚ Ăƚ ƉůĂŶĞƐ ĐůŽƐĞƌ ƚŽ ƚŚĞ ďŽƚƚŽŵ ŽĨ ƚŚĞ ĐŚĂŶŶĞů͘  dŚŝƐ ŝŶĚŝĐĂƚĞƐ ƚŚĂƚ
ƌŽƚĂƚŝŽŶŝƐŚŝŐŚůǇĂĨĨĞĐƚĞĚďǇƚŚĞŐƌŽŽǀĞƐ͘dŚĞĞĨĨĞĐƚŽĨŐƌŽŽǀĞƐŽŶƐƉĞĐŝĞƐĚŝƐƚƌŝďƵƚŝŽŶ
ŝƐ ĂůƐŽ ŶŽƚĞĚ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů ůĞŶŐƚŚ ʹ ƐŵŽŽƚŚĞƌ ĐŽŶĐĞŶƚƌĂƚŝŽŶƐ ĚŝƐƚƌŝďƵƚŝŽŶƐ ĂƌĞ
ŶŽƚĞĚ Ăƚ ƚŚĞ ƚŽƉ ƉůĂŶĞ͕ ǁŚĞƌĞĂƐ ƚŚĞ ĐĞŶƚĞƌ ƉůĂŶĞ ƐŚŽǁƐ ĂŶ ŝŶƚĞƌĨĂĐĞ ĚŝƐƚƵƌďĂŶĐĞ
;ůŽĐĂƚŝŽŶ'Ϳ͘
ŽŶĐĞŶƚƌĂƚŝŽŶ ĚŝƐƚƌŝďƵƚŝŽŶ ĚĂƚĂ͕ ŽďƚĂŝŶĞĚ ĨƌŽŵ /& ĞǆƉĞƌŝŵĞŶƚƐ͕ ŝƐ ƵƐĞĚ ƚŽ











ĨŝƌƐƚ ƚǁŽ ůŽĐĂƚŝŽŶƐ ǁĞƌĞ ƐĞůĞĐƚĞĚ ĨŽƌ ĐŽŵƉĂƌŝƐŽŶ ĂƐ ƚŚĞ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ŐƌĂĚŝĞŶƚ ŝƐ
ŚŝŐŚĞƐƚ͕ ĂůůŽǁŝŶŐ ĨŽƌ ĞĂƐŝĞƌ ĐŽŵƉĂƌŝƐŽŶ ĂŶĚ ŵŽƌĞ ĚŝƐƚŝŶŐƵŝƐŚĂďůĞ ĨůƵŝĚƐ͘  /ƚ ŝƐ ǁŽƌƚŚ
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ZĞǇŶŽůĚƐŶƵŵďĞƌ͘ dŚĞĨůŽǁƉĂƚƚĞƌŶ͕ŐŽǀĞƌŶĞĚďǇ ƚŚĞŐĞŽŵĞƚƌǇŽĨ ƚŚĞƚĞƐƚ ƐĞĐƚŝŽŶ͕ ŝƐ
ƉĞƌŝŽĚŝĐ͘ƌĞƉĞƚŝƚŝŽŶŝƐŶŽƚĞĚĨƌŽŵŽŶĞĐǇĐůĞ;>ϭƚŽ>ϯͿƚŽƚŚĞŶĞǆƚ;>ϯƚŽ>ϱͿ͘ƚZĞс
Ϭ͘ϱ͕ ^ƉĞĐŝĞƐ  ;ĨƌŽŵ ŝŶůĞƚ Ϳ ĂƉƉĞĂƌƐ ƚŽ ƌĞŵĂŝŶ ŝŶ ĐŽŶƚĂĐƚ ǁŝƚŚ ƐŝĚĞǁĂůů ɲ ĂůŽŶŐ ƚŚĞ
ĐŚĂŶŶĞů ůĞŶŐƚŚ͕ ǁŚĞƌĞĂƐ ƐƉĞĐŝĞƐ  ƌĞŵĂŝŶƐ ŝŶ ĐŽŶƚĂĐƚ ǁŝƚŚ ƐŝĚĞǁĂůů ɴ Ͳ ƌŽƚĂƚŝŽŶ ŝƐ










         	 
       &ůŽǁǀŝƐƵĂůŝǌĂƚŝŽŶŽǀĞƌϬ͘ϱчZĞчϭϬϬ͘
ƐƉĞĐŝĞƐŚĂƐŵŝŐƌĂƚĞĚƚŽǁĂƌĚƐŝĚĞǁĂůůɴ͕ ŝŶĚŝĐĂƚŝŶŐƚŚĂƚƌŽƚĂƚŝŽŶŚĂƐŽĐĐƵƌƌĞĚ͘ DĂƐƐ
ĚŝĨĨƵƐŝŽŶ ŝƐ ĐƌĞĚŝƚĞĚ ǁŝƚŚ ƚŚĞ ƌĞůĂƚŝǀĞůǇ ƵŶŝĨŽƌŵ ƐƉĞĐŝĞƐ ĚŝƐƚƌŝďƵƚŝŽŶ ŽďƐĞƌǀĞĚ Ăƚ ƚŚĞ
ŽƵƚůĞƚ͕ĂƚůŽĐĂƚŝŽŶ;ĨŝŐƵƌĞϱ͘ϵĂͿ͘YƵĂůŝƚĂƚŝǀĞůǇƐŝŵŝůĂƌĨůŽǁƉĂƚƚĞƌŶƐĂƌĞŽďƐĞƌǀĞĚĨŽƌZĞ
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 &ůŽǁǀŝƐƵĂůŝǌĂƚŝŽŶŽǀĞƌϬ͘ϱчZĞчϭϬϬ͘
ƚZĞшϱϬ͕ĂĐŽŶƐŝĚĞƌĂďůĞĐŚĂŶŐĞ ŝŶ ĨůŽǁƉĂƚƚĞƌŶ ŝƐŶŽƚĞĚ͘ &ůƵŝĚ ůĂǇĞƌƐĂƌĞŶŽ




ƌĞƐƵůƚ ŽĨ ƚŚĞ ŐƌŽŽǀĞƐ ĚŝƌĞĐƚŝŶŐ ƐƉĞĐŝĞƐ  ĨƌŽŵ ƐŝĚĞǁĂůů ɲ ƚŽ ƐŝĚĞǁĂůů ɴ͘  dŽǁĂƌĚƐ ƚŚĞ
ĐĞŶƚĞƌŽĨƚŚĞŵŝǆŝŶŐĞůĞŵĞŶƚ͕ĂƐƚƌŽŶŐĚĞŐƌĞĞŽĨĨůƵŝĚŽǀĞƌůĂƉŝƐŽďƐĞƌǀĞĚ͘ƚƚŚĞĞǆŝƚ





















dŽ ĨƵƌƚŚĞƌ ĚĞƐĐƌŝďĞ ƚŚĞ ŚŝŐŚůǇ ƌŽƚĂƚŝŽŶĂů ĨůŽǁ ǁŝƚŚŝŶ ƚŚĞ ĐŚĂŶŶĞů͕ ĨŝŐƵƌĞ ϱ͘ϭϮ

















ƚŚĞ ĐŚĂŶŶĞů ŝƐ ĨŽƌĐĞĚ ƚŽǁĂƌĚ ƚŚĞ ŽƵƚĞƌ ǁĂůů͕ ǁŚŝůĞ ĨůƵŝĚ Ăƚ ƚŚĞ ŽƵƚĞƌ ǁĂůů ŝƐ ĨŽƌĐĞĚ
ƵƉǁĂƌĚĂŶĚĚŽǁŶǁĂƌĚ ŝŶ ĐŽŵƉĞŶƐĂƚŝŽŶ͘ ƚZĞс ϭϬϬ ;< с ϯϲ͘ϱͿ͕ ƚŚĞ ƐƚƌĞŶŐƚŚŽĨ ƚŚĞ





Re = 50 C1 Re 50 C2
Re 0.5 C2Re 0.5 C1
Re 25 C1 Re 25 C2


















         	 
  ŽŶĐĞŶƚƌĂƚŝŽŶĚŝƐƚƌŝďƵƚŝŽŶĂŶĚƐƚƌĞĂŵůŝŶĞƐĂƚϭĂŶĚϮ͘
ĂƌĞĂ ŝƐ ĚƌĂŵĂƚŝĐĂůůǇ ŝŶĐƌĞĂƐĞĚ͘  dŚŝƐ ĞŶůĂƌŐĞŵĞŶƚ ŝŶ ƐƵƌĨĂĐĞ ĂƌĞĂ ĂůůŽǁƐ ĨŽƌ ŝŶĐƌĞĂƐĞĚ
ŵĂƐƐ ƚƌĂŶƐĨĞƌ ƚŽ ŽĐĐƵƌ ĂĐƌŽƐƐ ƚŚĞ ŝŶƚĞƌĨĂĐĞ͕ ĨƵƌƚŚĞƌ ŝŶĐƌĞĂƐŝŶŐ ƚŚĞ ĚĞŐƌĞĞ ŽĨ ŵŝǆŝŶŐ͘
tŝƚŚ ŝŶĐƌĞĂƐŝŶŐ ZĞ͕ ƚŚĞ ǀŽƌƚĞǆ ĐŽƌĞƐ ƐŚŝĨƚ ƚŽǁĂƌĚ ƚŚĞ ŽƵƚĞƌǁĂůů͕ Ă ƉŚĞŶŽŵĞŶŽŶ ĂůƐŽ
ŽďƐĞƌǀĞĚďǇ:ŝĂŶŐĞƚĂů͘;ϮϬϬϰͿ͘
&ŝŐƵƌĞ ϱ͘ϭϯ ĐŽŵƉĂƌĞƐ ƌĞƐƵůƚƐ ŽďƚĂŝŶĞĚ ĨƌŽŵ ĞǆƉĞƌŝŵĞŶƚĂů ĂŶĚ ŶƵŵĞƌŝĐĂů
ŝŶǀĞƐƚŝŐĂƚŝŽŶƐĂƚZĞсϭϬĂƚůŽĐĂƚŝŽŶ>Ϯ͘&ŝŐƵƌĞϱ͘ϭϯĂƐŚŽǁƐƚŚĞĨůŽǁǀŝƐƵĂůŝǌĂƚŝŽŶŝŵĂŐĞ͕
ĚĞƉŝĐƚŝŶŐƐƉĞĐŝĞƐŝŶĐŽŶƚĂĐƚǁŝƚŚďŽƚŚƐŝĚĞǁĂůůƐ͕ĂŶĚƐƉĞĐŝĞƐŽĐĐƵƉǇŝŶŐƚŚĞĐĞŶƚĞƌŽĨ
ƚŚĞĐŚĂŶŶĞů͘ dŚĞĐŽŶĐĞŶƚƌĂƚŝŽŶĚŝƐƚƌŝďƵƚŝŽŶ ŝƐĐůĞĂƌůǇŶŽƚĞĚ ŝŶ ƚŚĞ /& ŝŵĂŐĞ͕ ƐŚŽǁŶ ŝŶ
ĨŝŐƵƌĞ ϱ͘ϭϯď͘  ƚ ƚŚŝƐ ůŽĐĂƚŝŽŶ͕ ƚŚƌĞĞ ĨůƵŝĚ ƐƚƌŝĂƚŝŽŶƐ ĂƉƉĞĂƌ ƚŽ ĞǆŝƐƚ͘  &ƌŽŵ ƚŚĞƐĞ































































         	 
  ^ƉĞĐŝĞƐĚŝƐƚƌŝďƵƚŝŽŶĂƚůŽĐĂƚŝŽŶ>ϮĂƚZĞсϭϬ͘
ƐƚĂĐŬĞĚĨůƵŝĚƐĨƌŽŵǁĞůůŵŝǆĞĚƌĞŐŝŽŶƐ͘ƐƐŚŽǁŶŝŶĨŝŐƵƌĞϱ͘ϭϯĐ͕ƚŚĞƐƚƌŝĂƚŝŽŶƐŽďƐĞƌǀĞĚ
ĞǆƉĞƌŝŵĞŶƚĂůůǇ ĂƌĞ ŶŽƚ͕ ŝŶ ĨĂĐƚ͕ ƐĞƉĂƌĂƚĞ ĨůƵŝĚ ůĂǇĞƌƐ͘  ZĂƚŚĞƌ͕ ƐƉĞĐŝĞƐ  ŚĂƐ ƚƌĂǀĞůĞĚ
ĨƌŽŵ ǁĂůů ɲ ƚŽ ƚŚĞ ďĂƐĞ ŽĨ ƚŚĞ ĐŚĂŶŶĞů͕ ƚŚƌŽƵŐŚ ƚŚĞ ŐƌŽŽǀĞƐ͕ ƚŽǁĂƌĚ ǁĂůů ɴ͘  /Ŷ
ĐŽŵƉĞŶƐĂƚŝŽŶ͕ ƐƉĞĐŝĞƐ ƚƌĂǀĞůƐ ƚŽǁĂƌĚǁĂůůɲ͘  dŚŝƐ ƌŽƚĂƚŝŽŶ ŝŶĐƌĞĂƐĞƐ ƚŚĞ ŝŶƚĞƌĨĂĐŝĂů
ĂƌĞĂ ĂǀĂŝůĂďůĞ ĨŽƌ ĚŝĨĨƵƐŝŽŶ͘  dŽ ĂůůŽǁ ĨŽƌ ƌĞĂƐŽŶĂďůĞ ĐŽŵƉĂƌŝƐŽŶ ǁŝƚŚ /& ĚĂƚĂ͕ ƚŚĞ





ŽĨ ƐƉĞĐŝĞƐ  ĂŶĚ  ŝŶ ǀĂƌǇŝŶŐ ĐŽŶĐĞŶƚƌĂƚŝŽŶƐ ĂƌĞ ǀŝƐŝďůĞ͘  dŚĞ ĐŽƌƌĞƐƉŽŶĚŝŶŐ ƉŽƐƚ
ƉƌŽĐĞƐƐĞĚ/&ŝŵĂŐĞŝƐƐŚŽǁŶŝŶĨŝŐƵƌĞϱ͘ϭϰď͘ŶŝŶĐƌĞĂƐĞŝŶƚŚĞĐŽŵƉůĞǆŝƚǇŽĨƚŚĞĨůŽǁ
ƉĂƚƚĞƌŶŝƐŶŽƚĞĚ͕ĂŶĚŝƐĨƵƌƚŚĞƌĐůĂƌŝĨŝĞĚďǇƚŚĞŶƵŵĞƌŝĐĂůůǇŽďƚĂŝŶĞĚĐƌŽƐƐƐĞĐƚŝŽŶǀŝĞǁ͘
dŚĞ ĐŽŵďŝŶĂƚŝŽŶ ŽĨ ĞĂŶ ǀŽƌƚŝĐĞƐ ĂŶĚ ŚĞůŝĐĂů ĨůŽǁ ůĞĂĚ ƚŽ ƐŝŐŶŝĨŝĐĂŶƚ ƌŽƚĂƚŝŽŶ͘  dŚĞ
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,ŽǁĞǀĞƌ͕ ƚŚĞ ĚŽŵŝŶĂŶƚ ŵŝǆŝŶŐ ŵĞĐŚĂŶŝƐŵ ĚŝĨĨĞƌƐ͖ ĚŝĨĨƵƐŝŽŶ ĚŽŵŝŶĂƚĞƐ Ăƚ ůŽǁĞƌ ZĞ͕
ǁŚĞƌĞĂƐ ƐƚƌŽŶŐ ƌŽƚĂƚŝŽŶ ƉƌŽŵŽƚĞƐ ĂĚǀĞĐƚŝŽŶͲĚŽŵŝŶĂŶƚ ŵŝǆŝŶŐ Ăƚ ŚŝŐŚĞƌ ZĞ͘  dŚŝƐ ŝƐ
ĐůĂƌŝĨŝĞĚƵƉŽŶŝŶƐƉĞĐƚŝŽŶŽĨŵŝǆŝŶŐƉĞƌĨŽƌŵĂŶĐĞĂƚƚŚĞŽƵƚůĞƚ͘
 &ŝŐƵƌĞϱ͘ϭϲƉƌĞƐĞŶƚƐƚŚĞŵŝǆŝŶŐŝŶĚŝĐĞƐŽďƚĂŝŶĞĚĨƌŽŵŶƵŵĞƌŝĐĂůĂŶĚ/&ƌĞƐƵůƚƐĂƚ
ƚŚĞ ŽƵƚůĞƚ͘   ĚĞĐƌĞĂƐŝŶŐͲŝŶĐƌĞĂƐŝŶŐ ƚƌĞŶĚ ŝŶ ŵŝǆŝŶŐ ƉĞƌĨŽƌŵĂŶĐĞ ŝƐ ŶŽƚĞĚ ǁŝƚŚ
ŝŶĐƌĞĂƐŝŶŐZĞǇŶŽůĚƐŶƵŵďĞƌ͘ Ŷ ŝŶĨůĞĐƚŝŽŶƉŽŝŶƚ ŝƐ ŶŽƚĞĚĂƚZĞсϱ͕ǁŚŝĐŚŵĂƌŬƐ ƚŚĞ
ƚƌĂŶƐŝƚŝŽŶ ĨƌŽŵ ĚŝĨĨƵƐŝŽŶ ĚŽŵŝŶĂŶƚ ŵŝǆŝŶŐ ƚŽ ĂĚǀĞĐƚŝŽŶ ĚŽŵŝŶĂŶƚ ŵŝǆŝŶŐ͘  ƚ ůŽǁĞƌ
ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ͕ ƚŚĞ ƌĞƐŝĚĞŶĐĞ ƚŝŵĞ ŝƐ ŚŝŐŚ͕ ĂŶĚ ŵĂƐƐ ĚŝĨĨƵƐŝŽŶ ĚŽŵŝŶĂƚĞƐ͘  tŝƚŚ
ŝŶĐƌĞĂƐŝŶŐZĞǇŶŽůĚƐŶƵŵďĞƌƐ͕ƐƚƌŽŶŐƌŽƚĂƚŝŽŶŝƐŽďƐĞƌǀĞĚ͕ůĞĂĚŝŶŐƚŽĂŶŝŶĐƌĞĂƐĞŝŶƚŚĞ
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 EƵŵĞƌŝĐĂůůǇŽďƚĂŝŶĞĚǀĂƌŝĂƚŝŽŶŝŶŵŝǆŝŶŐŝŶĚĞǆĂůŽŶŐĐŚĂŶŶĞůůĞŶŐƚŚ͘
ŝŶƚĞƌĨĂĐŝĂů ĂƌĞĂ ĂǀĂŝůĂďůĞ ĨŽƌŵĂƐƐ ƚƌĂŶƐĨĞƌ͘  EŽƚĞ ƚŚĂƚǁŚŝůĞ ǀĂůƵĞƐ ĂďŽǀĞ ZĞ с ϱ ĂƌĞ
ĐŽŶƐŝĚĞƌĞĚ ƚŽ ďĞ ĂĚǀĞĐƚŝŽŶ ĚŽŵŝŶĂŶƚ͕ ŵĂƐƐ ĚŝĨĨƵƐŝŽŶ ĂĐƌŽƐƐ ƚŚĞ ƌĂƉŝĚůǇ ŝŶĐƌĞĂƐŝŶŐ
ŝŶƚĞƌĨĂĐŝĂůĂƌĞĂƌĞŵĂŝŶƐĐƌƵĐŝĂů͘ƚƚŚĞŽƵƚůĞƚ͕ƚŚĞŵĂǆŝŵƵŵĞƌƌŽƌďĞƚǁĞĞŶŶƵŵĞƌŝĐĂůůǇ
ĂŶĚĞǆƉĞƌŝŵĞŶƚĂůůǇŽďƚĂŝŶĞĚD/ǀĂůƵĞƐŝƐϳ͘ϯϮй͘dŚĞĞƌƌŽƌŝƐĐŽŵƉƵƚĞĚďǇ͗
  error  100 u MInum -MI exp
MInum
 ;ϱ͘ϭͿ
































         	 
  EƵŵĞƌŝĐĂůůǇĂŶĚĞǆƉĞƌŝŵĞŶƚĂůůǇŽďƚĂŝŶĞĚŵŝǆŝŶŐŝŶĚŝĐĞƐĂƚƚŚĞŽƵƚůĞƚ;>ϱͿ͘
 &ŝŐƵƌĞ ϱ͘ϭϳ ƐŚŽǁƐ ƚŚĞ ĞǆƉĞƌŝŵĞŶƚĂůůǇ ŽďƚĂŝŶĞĚ ŵŝǆŝŶŐ ŝŶĚŝĐĞƐ ĨŽƌ ƐĞǀĞƌĂů
ŵŝĐƌŽŵŝǆĞƌƐĂƚ ƐŝŵŝůĂƌĞƋƵŝǀĂůĞŶƚ ůĞŶŐƚŚƐ͕ĂƐĚĞƐĐƌŝďĞĚ ŝŶĐŚĂƉƚĞƌϯ͘ϱ͘ EŽƚĞ ƚŚĂƚŽŶůǇ
ĚĞǀŝĐĞƐ ǁŝƚŚ ƐŝŵŝůĂƌ ŽƉĞƌĂƚŝŶŐ ƌĂŶŐĞƐ ĂŶĚ ĞƋƵŝǀĂůĞŶƚ ůĞŶŐƚŚƐ ĂƌĞ ŝŶĐůƵĚĞĚ͘  >Ƶ Ğƚ Ăů͘
;ϮϬϭϬͿ ƉƌŽƉŽƐĞĚ Ă ĨŽƵƌͲŝŶůĞƚ ŵŝĐƌŽŵŝǆĞƌ ǁŝƚŚ ĨŽƵƌ ďƵƚƚĞƌĨůǇͲƐŚĂƉĞĚ ĞůĞŵĞŶƚƐ͘  dŽ
ĂĐĐŽƵŶƚĨŽƌƚŚĞƚŽƚĂůůĞŶŐƚŚ͕ďƵƚƚĞƌĨůǇĞůĞŵĞŶƚƐǁĞƌĞĂƐƐƵŵĞĚƚŽďĞϭϮϬʅŵпϭϮϬʅŵ
ƐƋƵĂƌĞƐ͕ ĂŶĚ ƚŚĞ ůĞŶŐƚŚ ŽĨ ƚŚĞ ƉƌĞͲŵŝǆĞƌ ǁĂƐ ĞƐƚŝŵĂƚĞĚ ďĂƐĞĚ ŽŶ ĨŝŐƵƌĞƐ͘  &Žƌ
ĐŽŶƐŝƐƚĞŶĐǇ͕ ƚŚĞZĞǇŶŽůĚƐŶƵŵďĞƌƐďĂƐĞĚŽŶƚŚĞŵĂŝŶĐŚĂŶŶĞůŚǇĚƌĂƵůŝĐĚŝĂŵĞƚĞƌĂƌĞ
ƉƌĞƐĞŶƚĞĚ ŝŶ ƚŚĞ ĨŝŐƵƌĞ͘  /ƚ ŝƐ ŶŽƚĞĚ ƚŚĂƚ ƚŚĞŝƌ ĚĞǀŝĐĞ ĞǆŚŝďŝƚƐ ŝŶĐƌĞĂƐĞĚ ŵŝǆŝŶŐ ǁŝƚŚ













ƉƌŽƉŽƐĞĚĚĞǀŝĐĞƐ Ăƚ ƐŝŵŝůĂƌ ĞƋƵŝǀĂůĞŶƚ ůĞŶŐƚŚƐ͘  &ůƵŝĚ ƌŽƚĂƚŝŽŶ ĂŶĚŽǀĞƌůĂƉ ŝƐ ĐƌĞĚŝƚĞĚ
ǁŝƚŚ ŝŶĐƌĞĂƐŝŶŐ ƚŚĞ ŝŶƚĞƌĨĂĐŝĂů ĂƌĞĂ ĂǀĂŝůĂďůĞ ĨŽƌ ŵĂƐƐ ƚƌĂŶƐĨĞƌ Ăƚ ŚŝŐŚĞƌ ZĞ͕ ǁŚĞƌĞĂƐ
ŵĂƐƐĚŝĨĨƵƐŝŽŶĚŽŵŝŶĂƚĞƐĂƚůŽǁĞƌZĞ͘
 ƉĂƐƐŝǀĞ ŵŝĐƌŽŵŝǆĞƌ ďĂƐĞĚ ŽŶ ĨůƵŝĚ ƌŽƚĂƚŝŽŶ ǁĂƐ ĚĞƐŝŐŶĞĚ͕ ĨĂďƌŝĐĂƚĞĚ ĂŶĚ
ƚĞƐƚĞĚŽǀĞƌϬ͘ϱчZĞчϭϬϬ͘^ůĂŶƚĞĚŐƌŽŽǀĞƐǁĞƌĞĂƉƉůŝĞĚƚŽĂĨŽƵƌͲĞůĞŵĞŶƚƐĞƌƉĞŶƚŝŶĞ
ĐŚĂŶŶĞů ƚŽ ƉƌŽŵŽƚĞ ĨůŽǁ ƌŽƚĂƚŝŽŶ ŽǀĞƌ Ă ǁŝĚĞ ƌĂŶŐĞ ŽĨ ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ͘  &ůŽǁ
ǀŝƐƵĂůŝǌĂƚŝŽŶǁĂƐƵƐĞĚƚŽƋƵĂůŝƚĂƚŝǀĞůǇĂƐƐĞƐƐĨůŽǁƉĂƚƚĞƌŶƐ͕ǁŚŝůĞŝŶĚƵĐĞĚĨůƵŽƌĞƐĐĞŶĐĞ



















Ansari et al. (2010)
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6.3 Validation of Numerical Results  
As numerical simulations are used to assist in the description of the mixing 
phenomena and flow patterns in the mixer, it is first essential to validate the numerical 
work against experimentally obtained data.  Note that the Reynolds number is based on 
the total velocity and hydraulic diameter of the main channel, whereas the Dean 
number is based on the hydraulic diameter and Reynolds number of the semicircular 
sub-channel and the mean radius of curvature.  
To quantitatively compare experimental and numerical results, IF data is 
compared to numerically obtained results.  Induced fluorescence experiments are 
carried out under the bino mode at a magnification of 4 ×, with a re-sampled image size 
of approximately 8 μm/pixel.  A sample calibration curve used for the evaluation of this 
mixer is shown in figure 6.6.  The maximum error associated with this calibration curve, 
as described by equation 4.3, is 1.49 %. 













































Figure 6.5: Grid independence performed at outlet of first mixing element a) 
concentration distribution and b) velocity distribution   
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ǀŝĐŝŶŝƚǇ ŽĨ ƚŚĞ ĨŝƌƐƚ ŵŝǆŝŶŐ ĞůĞŵĞŶƚ ;ϭͿ͕ ǁŚĞƌĞ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ŐƌĂĚŝĞŶƚƐ ĂƌĞ ŚŝŐŚĞƐƚ͕
ĂůůŽǁŝŶŐ ĨŽƌ ůĂŵĞůůĂĞ ƚŽ ďĞ ĞĂƐŝůǇ ĚŝƐƚŝŶŐƵŝƐŚĞĚ͘  Ɛ ƐŚŽǁŶ͕ ƚŚĞ ŶƵŵĞƌŝĐĂů ĂŶĚ
ĞǆƉĞƌŝŵĞŶƚĂů ĐŽŶĐĞŶƚƌĂƚŝŽŶ ĚŝƐƚƌŝďƵƚŝŽŶƐ ŽĨĨĞƌ ǀĞƌǇ ŐŽŽĚ ĂŐƌĞĞŵĞŶƚ Ăƚ ůŽǁ ZĞǇŶŽůĚƐ




























ƐĞĐƚŝŽŶ ;ĨŝŐƵƌĞ ϲ͘ϴͿ͕ ƚĂŬĞŶ Ăƚ Ϯ п ŵĂŐŶŝĨŝĐĂƚŝŽŶ ǁŝƚŚ Ă ƌĞͲƐĂŵƉůĞĚ ƌĞƐŽůƵƚŝŽŶ ŽĨ
ĂƉƉƌŽǆŝŵĂƚĞůǇϭϲ͘ϲʅŵͬƉŝǆĞů͕ ƐŚŽǁƐ ƚŚĂƚ ƚŚĞ ƐŝĚĞǁĂůůŽŶ ƚŚĞ ůĞĨƚ ƐŝĚĞŽĨ ƚŚĞĚĞǀŝĐĞ ŝƐ
ĂƉƉƌŽǆŝŵĂƚĞůǇϭϲϬʅŵŚŝŐŚĞƌƚŚĂŶƚŚĂƚŽŶƚŚĞƌŝŐŚƚ͘













































































































         	 
 EƵŵĞƌŝĐĂůůǇĂŶĚĞǆƉĞƌŝŵĞŶƚĂůůǇ;/&ͿŽďƚĂŝŶĞĚĐŽŶĐĞŶƚƌĂƚŝŽŶĚŝƐƚƌŝďƵƚŝŽŶĂƚZĞ
сϬ͘ϱĂŶĚϱϬĂƚƚŚĞŝŶůĞƚ;^ϭͿĂŶĚĞǆŝƚ;^ϮͿŽĨƚŚĞĨŝƌƐƚŵŝǆŝŶŐĞůĞŵĞŶƚ͘
dŚĞ ĚĞĨĞĐƚ͕ ŚŽǁĞǀĞƌ͕ ĚŽĞƐ ŶŽƚ ƉƌĞǀĞŶƚ ƌĞĂƐŽŶĂďůĞ ĐŽŵƉĂƌŝƐŽŶ ďĞƚǁĞĞŶ
ĞǆƉĞƌŝŵĞŶƚĂů ĂŶĚ ŶƵŵĞƌŝĐĂů ƌĞƐƵůƚƐ͘  dŽ ƋƵĂůŝƚĂƚŝǀĞůǇ ĐŽŵƉĂƌĞ ĨůŽǁ ǀŝƐƵĂůŝǌĂƚŝŽŶ ĂŶĚ
ŶƵŵĞƌŝĐĂů ƐŝŵƵůĂƚŝŽŶ ƌĞƐƵůƚƐ͕ ĨŝŐƵƌĞϲ͘ϵ ƉƌĞƐĞŶƚƐ ƚŚĞ ĨŝƌƐƚŵŝǆŝŶŐ ĞůĞŵĞŶƚ͕ ϭ͕ Ăƚ ZĞс
ϭϬϬ͘dŚĞĨŝƌƐƚŵŝǆŝŶŐĞůĞŵĞŶƚǁĂƐĐŚŽƐĞŶĚƵĞƚŽƚŚĞŚŝŐŚĚĞŐƌĞĞŽĨĐŽŶƚƌĂƐƚďĞƚǁĞĞŶ
ƐƉĞĐŝĞƐ͘sĞƌǇŐŽŽĚĂŐƌĞĞŵĞŶƚŝƐŽďƐĞƌǀĞĚ͖ůŽĐĂƚŝŽŶƐĂŶĚƐŚŽǁĂƉŽƌƚŝŽŶŽĨƐƉĞĐŝĞƐ
 ŝŶ ƚŚĞ ĨŝƌƐƚ ŐƌŽŽǀĞ͕ ǁŚĞƌĞĂƐ ůŽĐĂƚŝŽŶƐ  ĂŶĚ  ƐŚŽǁ ƚŚĞ ĂƉƉĂƌĞŶƚ ĨŽƌŵĂƚŝŽŶ ŽĨ
ĂĚĚŝƚŝŽŶĂů ůĂŵĞůůĂĞ͘  >ŽĐĂƚŝŽŶ  ŝŶ ƚŚĞ ĨůŽǁ ǀŝƐƵĂůŝǌĂƚŝŽŶ ŝŵĂŐĞ ƐŚŽǁƐ Ă ƌĞŐŝŽŶ ŽĨ














ŽĨ ĨůƵŝĚ Ăƚ ƚŚĞǁĂůůƐ ŝƐ ǌĞƌŽ ;ŶŽͲƐůŝƉͿ͕ ǁŚĞƌĞĂƐ ƚŚĞ ĨůƵŝĚ ǀĞůŽĐŝƚǇ ŝŶĐƌĞĂƐĞƐ ƚŽǁĂƌĚ ƚŚĞ
ĐĞŶƚĞƌŽĨ ƚŚĞĐŚĂŶŶĞů͕ ĂƐ ƐŚŽǁŶ ŝŶ ĨŝŐƵƌĞϲ͘ϭϬ͘  ǀŝƐĐŽƵƐĚƌĂŐ ŝƐĞǆĞƌƚĞĚŽŶ ƚŚĞ ĨůƵŝĚ
ůĂǇĞƌƐ͕ĐĂƵƐŝŶŐĂǀĞůŽĐŝƚǇĚŝƐƚƌŝďƵƚŝŽŶ͘ĐĐŽƌĚŝŶŐƚŽƚŚĞĐŽŶƐĞƌǀĂƚŝŽŶŽĨŵĂƐƐ͕
 constantAUm   U  ;ϲ͘ϭͿ
ǁŚĞƌĞ ŝƐƚŚĞĐƌŽƐƐƐĞĐƚŝŽŶĂƌĞĂ͕ƚŚĞůĂŵĞůůĂƚŚŝĐŬŶĞƐƐ;ŽƌĐƌŽƐƐƐĞĐƚŝŽŶĂůĂƌĞĂͿŽĨƚŚĞ
ĐĞŶƚĞƌůĂŵĞůůĂŵƵƐƚĚĞĐƌĞĂƐĞƐůŝŐŚƚůǇƚŽĂĐĐŽƵŶƚĨŽƌƚŚĞŝŶĐƌĞĂƐĞĚǀĞůŽĐŝƚǇĂƚƚŚĞĐĞŶƚĞƌ








































ĐŽŶĐĞŶƚƌĂƚŝŽŶ ŽĨ ůĞƐƐ ƚŚĂŶ Ϭ͘ϱ͘  &ƵƌƚŚĞƌ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů͕ ĂƐ ĨůƵŝĚ ƌŽƚĂƚŝŽŶ ĐĂƵƐĞƐ Ă
ƌĞǀĞƌƐĂů ŝŶ ƐƉĞĐŝĞƐ ůŽĐĂƚŝŽŶ͕ ƚŚĞ ĂǀĞƌĂŐĞ ĐƌŽƐƐ ƐĞĐƚŝŽŶ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ŝƐ ƐůŝŐŚƚůǇ ŚŝŐŚĞƌ
ƚŚĂŶϬ͘ϱ͘
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ĂƐ Ă ƌĞƐƵůƚ ŽĨ ƚŚĞ ũŽŝŶŝŶŐ ŽĨ ƚŚĞ ŚŝŐŚůǇ ƌŽƚĂƚŝŽŶĂů ĨůƵŝĚƐ ĨƌŽŵ ƚŚĞ ƐƵďƐƚƌĞĂŵƐ͘  ƚ ƚŚĞ




/Ŷ ĂŐƌĞĞŵĞŶƚǁŝƚŚ ĨůŽǁǀŝƐƵĂůŝǌĂƚŝŽŶ ŝŵĂŐĞƐ͕ ƚŚĞŽŶƐĞƚŽĨŵĂƐƐ ĚŝĨĨƵƐŝŽŶ ŝƐĞǀŝĚĞŶƚ Ăƚ
ƚŚĞ ŝŶůĞƚ ;^ϭͿ Ăƚ ZĞ с Ϭ͘ϱ͕ ŽǁŝŶŐ ƚŽ ƚŚĞŚŝŐŚ ƌĞƐŝĚĞŶĐĞ ƚŝŵĞŽĨ ƚŚĞ ĨůƵŝĚƐ ;ůŽĐĂƚŝŽŶͿ͘
>ŽĐĂƚŝŽŶƉƌĞƐĞŶƚƐƚŚĞĨŽƌŵĂƚŝŽŶŽĨĂĚĚŝƚŝŽŶĂůůĂŵĞůůĂĞĂƚƚŚĞĐĞŶƚĞƌŽĨƚŚĞĐŚĂŶŶĞů͕ĂƐ
ĂƌĞƐƵůƚŽĨƌŽƚĂƚŝŶŐƐƵďƐƚƌĞĂŵƐ͘>ŽĐĂƚŝŽŶƐŚŽǁƐƚŚĞĐŽŵƉůĞƚĞƌĞǀĞƌƐĂůŽĨƐƉĞĐŝĞƐĂƐĂ
ƌĞƐƵůƚŽĨ ĨůƵŝĚ ƌŽƚĂƚŝŽŶ͘ ƚZĞсϭϬ͕ ŝƚ ŝƐ ĐůĞĂƌ ƚŚĂƚƚŚĞĚĞŐƌĞĞŽĨŵŝǆŝŶŐĂƉƉĞĂƌƐƋƵŝƚĞ
ůŽǁ͘  ƚ ƚŚĞ ŽƵƚůĞƚ ;^ϲͿ͕ ZĞ с Ϭ͘ϱ ĂŶĚ ZĞ с ϭϬϬ ĂƉƉĞĂƌ ƚŽ ŽĨĨĞƌ ƌĞůĂƚŝǀĞůǇ ƵŶŝĨŽƌŵ
ĐŽŶĐĞŶƚƌĂƚŝŽŶ ĚŝƐƚƌŝďƵƚŝŽŶ͕ ŝŶĚŝĐĂƚŝŶŐ ŐŽŽĚ ŵŝǆŝŶŐ͘  ,ŽǁĞǀĞƌ͕ ƚŚĞ ŵĂƐƐ ƚƌĂŶƐĨĞƌ
ŵĞĐŚĂŶŝƐŵƐĚŝĨĨĞƌĐŽŶƐŝĚĞƌĂďůǇ͘dŚĞĐŽŶĐĞŶƚƌĂƚŝŽŶĚŝƐƚƌŝďƵƚŝŽŶĚĂƚĂŽďƚĂŝŶĞĚŽǀĞƌϬ͘ϱ
чZĞчϭϬϬĂƚĂůůƐŝǆŵĞĂƐƵƌĞŵĞŶƚůŽĐĂƚŝŽŶƐŝƐƉƌĞƐĞŶƚĞĚŝŶƉƉĞŶĚŝǆ͘







ŵŝǆŝŶŐ ĞůĞŵĞŶƚ͘  dŚĞ ŽŶƐĞƚ ŽĨ ƐƉĞĐŝĞƐ ƌŽƚĂƚŝŽŶ Ăƚ ZĞ с Ϭ͘ϱ ŝƐ ƐŚŽǁŶ ďǇ ůŽĐĂƚŝŽŶ ͕
ǁŚĞƌĞďǇ ůŽǁĐŽŶĐĞŶƚƌĂƚŝŽŶƐƉĞĐŝĞƐ ŝŶĐŽŶƚĂĐƚǁŝƚŚƚŚĞƐŝĚĞǁĂůů ŝƐ ƌŽƚĂƚĞĚƚŽǁĂƌĚƚŚĞ
ŐƌŽŽǀĞĚ ƐƵƌĨĂĐĞ͕ ĂŶĚ ŽĐĐƵƉŝĞƐ ƚŚĞ ŐƌŽŽǀĞƐ͘  dŚĞ ĚĞŐƌĞĞ ŽĨ ĨůƵŝĚ ƌŽƚĂƚŝŽŶ ŵĂǇ ďĞ
ƋƵĂůŝƚĂƚŝǀĞůǇ ũƵĚŐĞĚďǇ ƚŚĞ ƋƵĂŶƚŝƚǇ ŽĨ ůŽǁ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ƐŽůƵƚŝŽŶ ŝŶ ĐŽŶƚĂĐƚǁŝƚŚ ƚŚĞ



























         	 
  ŽŶĐĞŶƚƌĂƚŝŽŶŝƐŽͲƐƵƌĨĂĐĞƐĂƚƚŚĞĨŝƌƐƚŵŝǆŝŶŐĞůĞŵĞŶƚŽǀĞƌϬ͘ϱчZĞчϭϬϬ͘
ĨŝƌƐƚĞůĞŵĞŶƚ͕ĂƐǁĞůůĂƐĂƌĞĚƵĐĞĚĂŵŽƵŶƚŽĨĚŝƐƚŝŶŐƵŝƐŚĂďůĞůŽǁĐŽŶĐĞŶƚƌĂƚŝŽŶƐƉĞĐŝĞƐ͘
dŚŝƐ ŝƐ Ă ƌĞƐƵůƚŽĨ ƚŚĞ ŝŶĐƌĞĂƐĞĚ ƌĞƐŝĚĞŶĐĞ ƚŝŵĞ͕ĂůůŽǁŝŶŐ ĨŽƌ ŝŶĐƌĞĂƐĞĚŵĂƐƐĚŝĨĨƵƐŝŽŶ͘
/ŶĐƌĞĂƐŝŶŐůǇ ůĂƌŐĞƌ ƌĞŐŝŽŶƐŽĨ ůŽǁ ĐŽŶĐĞŶƚƌĂƚŝŽŶ ƐƉĞĐŝĞƐ ƌĞŵĂŝŶ ǀŝƐŝďůĞǁŝƚŚ ŝŶĐƌĞĂƐŝŶŐ
ZĞǇŶŽůĚƐ ŶƵŵďĞƌ͕ ĂƐ Ă ƌĞƐƵůƚ ŽĨ ƚŚĞ ƌĞĚƵĐƚŝŽŶ ŽĨ ƌĞƐŝĚĞŶĐĞ ƚŝŵĞ ĂůůŽǁŝŶŐ ĨŽƌ ŵĂƐƐ






ƚŚĞ ŐƌŽŽǀĞĚ ƐƚƌƵĐƚƵƌĞƐ͘   ƐŝŵŝůĂƌ ƉŚĞŶŽŵĞŶŽŶ ŝƐ ŽďƐĞƌǀĞĚ Ăƚ ZĞ с ϭϬϬ͕ ŚŽǁĞǀĞƌ
ŐƌĞĂƚĞƌĨůƵŝĚƌŽƚĂƚŝŽŶŝƐŶŽƚĞĚ͘/ŶƚŚĞĨŝƌƐƚŐƌŽŽǀĞ͕ůŽĐĂƚŝŽŶƉƌĞƐĞŶƚƐĂŚŝŐŚĚĞŐƌĞĞŽĨ
ĨůƵŝĚƌŽƚĂƚŝŽŶ͕ǁŚĞƌĞŚŝŐŚĐŽŶĐĞŶƚƌĂƚŝŽŶĨůƵŝĚŝƐĚŝƌĞĐƚĞĚĨƌŽŵƚŚĞĐĞŶƚĞƌŽĨƚŚĞĐŚĂŶŶĞů




ŵŝǆŝŶŐ ĞůĞŵĞŶƚ͕ ĂƐ ƐŚŽǁŶ ďǇ ϭ ŝŶ ĨŝŐƵƌĞ ϲ͘Ϯ͘  Ɛ ƐŚŽǁŶ͕ ƐŝŵŝůĂƌ ĐŽŶĐĞŶƚƌĂƚŝŽŶ
ĚŝƐƚƌŝďƵƚŝŽŶƐĂŶĚƐƚƌĞĂŵůŝŶĞƐĂƌĞŽďƐĞƌǀĞĚŽǀĞƌϬ͘ϱчZĞчϭϬ͘ƚZĞсϱϬ;<уϭϱ͘ϭͿ͕ƚŚĞ
ĨŽƌŵĂƚŝŽŶŽĨĂƉĂŝƌŽĨĐŽƵŶƚĞƌͲƌŽƚĂƚŝŶŐǀŽƌƚŝĐĞƐ͕ŽƌĞĂŶǀŽƌƚŝĐĞƐ͕ŝƐŽďƐĞƌǀĞĚĂƐĂƌĞƐƵůƚ















































ƐŚŝĨƚ ŝŶ ƚŚĞ ƉŽƐŝƚŝŽŶ ŽĨ ĨůƵŝĚƐ ŝŶ ĐŽŶƚĂĐƚ ǁŝƚŚ ƚŚĞ ŝŶŶĞƌ ĂŶĚ ŽƵƚĞƌ ǁĂůůƐ ŝŶ Ă ĐƵƌǀĞĚ
















ĞƚĂů͘ ;ϮϬϬϮͿ ƌĞƉŽƌƚĞĚŚĞůŝĐĂů ĨůŽǁ ŝŶ ƚŚĞŝƌ ƐƚƌĂŝŐŚƚ ŐƌŽŽǀĞŵŝĐƌŽŵŝǆĞƌ͘  /Ŷ ƚŚĞƉƌĞƐĞŶƚ
ĚĞǀŝĐĞ͕ ĨůƵŝĚ ƌŽƚĂƚŝŽŶ Ăƚ ŚŝŐŚĞƌ ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ ŝƐ ĚƵĞ ƚŽ ƚŚĞ ĐŽŵďŝŶĂƚŝŽŶ ŽĨ ďŽƚŚ
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MP =   (6.2) 
where A is the area at a given location, Ai is the area at the inlet, at the onset of mixing, 
and Iavg is the average intensity.  In the present device, the mixing index was calculated 
based on the length, dy, rather than area, dA, as the IF technique used in the present 
study presents the whole field concentration distribution 2 dimensionally.  Figure 6.20 

























Chen et al. (2011a) Dean
















Figure 6.20:  Comparison of the present device with the crosswise ridge and 
staggered Dean vortex micromixers (Chen et al. 2011 a,b).  Numbers next to 
data points indicate Reynolds number.  
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ĨůƵŽƌĞƐĐĞŶĐĞ ǁĂƐ ĂƉƉůŝĞĚ Ăƚ ƐĞůĞĐƚ ůŽĐĂƚŝŽŶƐ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů ůĞŶŐƚŚƐ ƚŽ ƋƵĂŶƚŝĨǇ




ǁĂƐĞǀĂůƵĂƚĞĚĞǆƉĞƌŝŵĞŶƚĂůůǇŽǀĞƌϭчZĞчϭϬϬ͘ dŚŝƐĚĞǀŝĐĞ ŝŶĐƌĞĂƐĞĚƚŚĞ ŝŶƚĞƌĨĂĐŝĂů
ƐƉĞĐŝĞƐ ĂƌĞĂ ĂŶĚ ƌĞĚƵĐĞĚ ƚŚĞ ƉĂƚŚ ŽĨ ĚŝĨĨƵƐŝŽŶ ďǇ ĞŵƉůŽǇŝŶŐ Ă ϳͲůĂŵĞůůĂĞ ƵŶĞǀĞŶ
ŝŶƚĞƌĚŝŐŝƚĂů ŝŶůĞƚ͘  dĞĂƌ ĚƌŽƉ ŽďƐƚƌƵĐƚŝŽŶƐ ĂĐƚĞĚ ĂƐ ĨŽĐƵƐŝŶŐ ƐƚƌƵĐƚƵƌĞƐ ĂŶĚ ƌĞƉĞĂƚĞĚůǇ
ƌĞĚƵĐĞĚ ƚŚĞ ƉĂƚŚ ŽĨ ĚŝĨĨƵƐŝŽŶ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů ůĞŶŐƚŚ͘  ,ĂůĨͲƉŝŶƐ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů
ƐŝĚĞǁĂůůƐ ĂůŽŶŐ ǁŝƚŚ Ă ƌĞĚƵĐĞĚ ůĂŵĞůůĂƌ ǁŝĚƚŚ ĞŶĐŽƵƌĂŐĞĚ ƐŝĚĞǁĂůů ŵŝǆŝŶŐ͘  dŚĞ
ĨŽƌŵĂƚŝŽŶ ŽĨĞĂŶ ǀŽƌƚŝĐĞƐǁĂƐ ŶŽƚĞĚ ŝŶ ƚŚĞ ǀŝĐŝŶŝƚǇ ŽĨ ƚŚĞ ƚĞĂƌ ĚƌŽƉ ŽďƐƚƌƵĐƚŝŽŶƐ Ăƚ
ŚŝŐŚĞƌZĞǇŶŽůĚƐŶƵŵďĞƌƐ͕ǁŚŝůĞ ƚŚĞ ĨŽƌŵĂƚŝŽŶŽĨĂĚĚŝƚŝŽŶĂů ůĂŵĞůůĂĞǁĂƐŽďƐĞƌǀĞĚĂƚ
ZĞ ш ϱϬ͘   ĚĞĐƌĞĂƐŝŶŐͲŝŶĐƌĞĂƐŝŶŐ ƚƌĞŶĚ ŝŶ ŵŝǆŝŶŐ ĞĨĨŝĐŝĞŶĐǇ ǁĂƐ ƌĞƉŽƌƚĞĚ͕ ǁŝƚŚ ĂŶ
ŝŶĨůĞĐƚŝŽŶ ƉŽŝŶƚ Ăƚ ZĞ с Ϯϱ͕ ƌĞƉƌĞƐĞŶƚŝŶŐ ƚŚĞ ĐŚĂŶŐĞ ŝŶ ĚŽŵŝŶĂŶƚ ŵŝǆŝŶŐ ŵĞĐŚĂŶŝƐŵ
ĨƌŽŵŵĂƐƐĚŝĨĨƵƐŝŽŶƚŽŵĂƐƐĂĚǀĞĐƚŝŽŶ͘ ŝĨĨƵƐŝŽŶƌĞŵĂŝŶƐĂŶŝŵƉŽƌƚĂŶƚŵĞĐŚĂŶŝƐŵĂƚ
Ăůů ZĞǇŶŽůĚƐ ŶƵŵďĞƌƐ͖ ƚŚĞ ŝŶĐƌĞĂƐĞ ŝŶ ƚŚĞ ŶƵŵďĞƌ ŽĨ ůĂŵĞůůĂĞ ĂůůŽǁĞĚ ĨŽƌ ŝŶĐƌĞĂƐĞĚ
ƐƵƌĨĂĐĞĂƌĞĂƚŽďĞĂǀĂŝůĂďůĞĨŽƌŵĂƐƐƚƌĂŶƐĨĞƌ͘ŵĂǆŝŵƵŵŽƵƚůĞƚŵŝǆŝŶŐŝŶĚĞǆŽĨϬ͘ϲϴ
ǁĂƐŽďƚĂŝŶĞĚĂƚZĞсϭ͘
 zͲŝŶůĞƚ ƐĞƌƉĞŶƚŝŶĞ ŵŝǆĞƌ ĞŵďĞĚĚĞĚ ǁŝƚŚ ƐůĂŶƚĞĚ ŐƌŽŽǀĞƐ ŽŶ ƚŚĞ ďŽƚƚŽŵ
ƐƵƌĨĂĐĞǁĂƐ ĞǀĂůƵĂƚĞĚ ĞǆƉĞƌŝŵĞŶƚĂůůǇ ĂŶĚ ŶƵŵĞƌŝĐĂůůǇ ŽǀĞƌ Ϭ͘ϱ ч ZĞ ч ϭϬϬ͘  'ƌŽŽǀĞƐ
ĐĂƵƐĞĚ ŚĞůŝĐĂů ĨůƵŝĚ ŵŽƚŝŽŶ͕ ŐƵŝĚŝŶŐ ƐƉĞĐŝĞƐ ĨƌŽŵ ŽŶĞ ƐŝĚĞǁĂůů ƚŽ ƚŚĞ ŽƚŚĞƌ͘  dŚĞ
ĨŽƌŵĂƚŝŽŶŽĨĞĂŶǀŽƌƚŝĐĞƐǁĂƐŽďƐĞƌǀĞĚĂƚZĞшϱϬĂƐĂƌĞƐƵůƚŽĨƚŚĞĐƵƌǀĞĚĐŚĂŶŶĞů͘
Ŷ ŝŶĐƌĞĂƐĞ ŝŶ ƚŚĞ ĚĞŐƌĞĞ ŽĨ ĨůƵŝĚ ŽǀĞƌůĂƉ ǁĂƐ ŽďƐĞƌǀĞĚ ǁŝƚŚ ŝŶĐƌĞĂƐŝŶŐ ZĞǇŶŽůĚƐ
ŶƵŵďĞƌ͘   ĚĞĐƌĞĂƐŝŶŐͲŝŶĐƌĞĂƐŝŶŐ ƚƌĞŶĚ ŝŶ ƚŚĞ ĚĞŐƌĞĞ ŽĨ ŵŝǆŝŶŐ ǁĂƐ ŽďƐĞƌǀĞĚ ǁŝƚŚ
ŝŶĐƌĞĂƐŝŶŐZĞǇŶŽůĚƐŶƵŵďĞƌǁŝƚŚ ĂŶ ŝŶĨůĞĐƚŝŽŶƉŽŝŶƚ ĂƚZĞсϱ͕ŵĂƌŬŝŶŐ ƚŚĞ ƚƌĂŶƐŝƚŝŽŶ
ĨƌŽŵĚŝĨĨƵƐŝŽŶĚŽŵŝŶĂŶĐĞƚŽĂĚǀĞĐƚŝŽŶĚŽŵŝŶĂŶĐĞ͘dŚĞŚŝŐŚĞƐƚŵŝǆŝŶŐŝŶĚĞǆ͕Ϭ͘ϵϬ͕ǁĂƐ
ŽďƚĂŝŶĞĚŶƵŵĞƌŝĐĂůůǇĂƚZĞсϭϬϬ͘
ĂƐĞĚ ŽŶ ƚŚĞ ďĞŶĞĨŝƚƐ ŽďƐĞƌǀĞĚ ƚŚƌŽƵŐŚ ŝŶǀĞƐƚŝŐĂƚŝŽŶ ŽĨ ƚŚĞ ƚǁŽ
ĂĨŽƌĞŵĞŶƚŝŽŶĞĚŵŝĐƌŽŵŝǆĞƌƐ͕ ƚŚĞŵŝĐƌŽŵŝǆĞƌǁŝƚŚŐƌŽŽǀĞͲĞŶŚĂŶĐĞĚĚŝǀŝƐŝŽŶĞůĞŵĞŶƚƐ
ǁĂƐ ĚĞƐŝŐŶĞĚ ĂŶĚ ĞǀĂůƵĂƚĞĚ ĞǆƉĞƌŝŵĞŶƚĂůůǇ ĂŶĚ ŶƵŵĞƌŝĐĂůůǇ͘   ƐŝŵƉůĞ ƚŚƌĞĞͲůĂŵĞůůĂ
ŝŶůĞƚǁĂƐƵƐĞĚƚŽŝŶĐƌĞĂƐĞƚŚĞĂƌĞĂĂǀĂŝůĂďůĞĨŽƌŵĂƐƐƚƌĂŶƐĨĞƌǁŚŝůĞŵĂŝŶƚĂŝŶŝŶŐĂŵŽƌĞ
ƐŝŵƉůĞ ĨĂďƌŝĐĂƚŝŽŶ ƉƌŽĐĞƐƐ͘  ^ƉĞĐŝĞƐǁĞƌĞ ƐƵƉƉůŝĞĚ ƉĂƌĂůůĞů ƚŽ ĞĂĐŚ ŽƚŚĞƌ͕ ƌĂƚŚĞƌ ƚŚĂŶ
ŚĞĂĚŽŶ;dͲŝŶůĞƚͿŽƌĂƚĂŶĂŶŐůĞ;zͲŝŶůĞƚͿ͕ĂƐƚŚŝƐǁĂƐĨŽƵŶĚƚŽƌĞĚƵĐĞƚŚĞŽĐĐƵƌƌĞŶĐĞŽĨ
ŽƐĐŝůůĂƚŝŽŶƐ ƌĞƐƵůƚŝŶŐ ĨƌŽŵ ƚŚĞ ƵƐĞ ŽĨ ƚǁŽ ƐĞƉĂƌĂƚĞ ƐǇƌŝŶŐĞ ƉƵŵƉƐ͘  ƵƌǀĞĚ ƉŽƌƚŝŽŶƐ
ǁĞƌĞŝŶĐůƵĚĞĚƚŽƉƌŽŵŽƚĞƚŚĞĨŽƌŵĂƚŝŽŶŽĨĞĂŶǀŽƌƚŝĐĞƐĂƚŚŝŐŚĞƌZĞǇŶŽůĚƐŶƵŵďĞƌƐ͕









Ă ĐŽŵƉĂƌŝƐŽŶ ƚĞĐŚŶŝƋƵĞǁĂƐ ŝŶƚƌŽĚƵĐĞĚ͘  dŚĞ ĞƋƵŝǀĂůĞŶƚ ůĞŶŐƚŚ͕    ͕ ƐĐĂůĞƐ ĚĞǀŝĐĞƐ ƚŽ
ƚŚĞƐĂŵĞŚǇĚƌĂƵůŝĐĚŝĂŵĞƚĞƌ͕ĂŶĚĂůůŽǁƐĨŽƌŵŝǆŝŶŐĞĨĨŝĐŝĞŶĐǇĐŽŵƉĂƌŝƐŽŶĂƚĐŽŵƉĂƌĂďůĞ
ůĞŶŐƚŚƐ͘  dŚĞ ĚĞǀŝĐĞƐ ƉƌĞƐĞŶƚĞĚ ƚǇƉŝĐĂůůǇ ŽĨĨĞƌĞĚ ŐŽŽĚ ŵŝǆŝŶŐ Ăƚ ƐŝŵŝůĂƌ ĞƋƵŝǀĂůĞŶƚ
ůĞŶŐƚŚƐĂŶĚZĞǇŶŽůĚƐŶƵŵďĞƌƐĐŽŵƉĂƌĞĚƚŽĚĞǀŝĐĞƐƉƌĞƐĞŶƚĞĚŝŶƚŚĞůŝƚĞƌĂƚƵƌĞ͘
&ŝŐƵƌĞϳ͘ϭƉƌĞƐĞŶƚƐƚŚĞĞǆƉĞƌŝŵĞŶƚĂůůǇŽďƚĂŝŶĞĚŵŝǆŝŶŐŝŶĚŝĐĞƐĂƚƚŚĞŽƵƚůĞƚĨŽƌ
ƚŚĞĂůů ƚŚƌĞĞƉƌŽƉŽƐĞĚŵŝĐƌŽŵŝǆĞƌƐ͘  dŚĞ ůĞŶŐƚŚ ƚŽŚǇĚƌĂƵůŝĐĚŝĂŵĞƚĞƌƐŽĨ ƚŚĞƉĂƌĂůůĞů
ůĂŵŝŶĂƚŝŽŶ ŵŝĐƌŽŵŝǆĞƌ ǁŝƚŚ ƚĞĂƌ ĚƌŽƉ ŽďƐƚƌƵĐƚŝŽŶƐ͕ ŐƌŽŽǀĞͲĞŶŚĂŶĐĞĚ ƐĞƌƉĞŶƚŝŶĞ
ŵŝĐƌŽŵŝǆĞƌ͕ĂŶĚŵŝĐƌŽŵŝǆĞƌǁŝƚŚŐƌŽŽǀĞͲĞŶŚĂŶĐĞĚĚŝǀŝƐŝŽŶĞůĞŵĞŶƚƐĂƌĞĂƉƉƌŽǆŝŵĂƚĞůǇ
ϯϴ͘ϱ͕ ϭϮϵ͘ϴ ĂŶĚ ϭϮϲ͕ ƌĞƐƉĞĐƚŝǀĞůǇ͘  dŚĞ ůĂƚƚĞƌ ƚǁŽ ĚĞƐŝŐŶƐ͕ ǁŝƚŚ ƐŝŵŝůĂƌ ĞƋƵŝǀĂůĞŶƚ


ůĞŶŐƚŚƐ͕ ŵĂǇ ďĞ ƌĞĂƐŽŶĂďůǇ ĚŝƌĞĐƚůǇ ĐŽŵƉĂƌĞĚ Ăƚ ƚŚĞ ŽƵƚůĞƚ͘  Ɛ ƐŚŽǁŶ͕ ƚŚĞ ŐƌŽŽǀĞͲ
ĞŶŚĂŶĐĞĚ ƐĞƌƉĞŶƚŝŶĞ ŵŝǆĞƌ ƐŚŽǁƐ ďĞƚƚĞƌ ŵŝǆŝŶŐ ƚŚĂŶ ƚŚĞ ŐƌŽŽǀĞͲĞŶŚĂŶĐĞĚ ĚŝǀŝƐŝŽŶ
ĞůĞŵĞŶƚ ŵŝǆĞƌ Ăƚ ZĞ ш ϱ͕ ĂƐ Ă ƌĞƐƵůƚ ŽĨ ƐƚƌŽŶŐĞƌ ƌŽƚĂƚŝŽŶ ĂůůŽǁŝŶŐ ĨŽƌ ŝŶĐƌĞĂƐĞĚ
ŝŶƚĞƌĨĂĐŝĂů ƐƵƌĨĂĐĞ ĂƌĞĂ͘  ƚ ůŽǁĞƌ ĨůŽǁ ƌĂƚĞƐ͕ ƚŚĞ ŐƌŽŽǀĞ ĞŶŚĂŶĐĞĚ ĚŝǀŝƐŝŽŶ ĞůĞŵĞŶƚ
ŵŝǆĞƌŽƵƚƉĞƌĨŽƌŵƐƚŚĞƐĞƌƉĞŶƚŝŶĞŵŝǆĞƌŽǁŝŶŐƚŽƚŚĞŵƵůƚŝͲůĂŵĞůůĂ ŝŶůĞƚ͕ǁŚŝĐŚĂůůŽǁƐ
ĨŽƌ ŝŶĐƌĞĂƐĞĚŵĂƐƐ ĚŝĨĨƵƐŝŽŶ͘  ƚ ZĞс ϭ͕ ƚŚĞƉĂƌĂůůĞů ůĂŵŝŶĂƚŝŽŶŵŝǆĞƌǁŝƚŚ ƚĞĂƌ ĚƌŽƉ
ŽďƐƚƌƵĐƚŝŽŶƐƉƌŽĚƵĐĞƐƚŚĞƐĂŵĞŵŝǆŝŶŐŝŶĚĞǆĂƐƚŚĞŐƌŽŽǀĞͲĞŶŚĂŶĐĞĚƐĞƌƉĞŶƚŝŶĞŵŝǆĞƌ͘






















         	 ͗KƵƚůĞƚŵŝǆŝŶŐŝŶĚŝĐĞƐĨŽƌƚŚƌĞĞƉƌŽƉŽƐĞĚŵŝĐƌŽŵŝǆĞƌƐ͘
ĐŽŵƉĂƌĂďůĞ ƚŽ ƚŚĂƚŽĨ ƚŚĞ ŐƌŽŽǀĞͲĞŶŚĂŶĐĞĚĚŝǀŝƐŝŽŶ ĞůĞŵĞŶƚŵŝǆĞƌ͘ Ɛ ƚŚĞ ůĞŶŐƚŚ ƚŽ







ƚŚĞ ƉƌŝŵĂƌǇ ĐŚĂůůĞŶŐĞ͕ ĂŶĚ ƚĞĐŚŶŝƋƵĞƐ ŵƵƐƚ ďĞ ĞŵƉůŽǇĞĚ ƚŽ ƉƌĞǀĞŶƚ ůĞĂŬĂŐĞ Ăƚ ƚŚĞ
ŝŶůĞƚƐ ĂŶĚŽƵƚůĞƚ͕ ĂƐǁĞůů ĂƐ ĂůŽŶŐ ƚŚĞ ĐŚĂŶŶĞů ůĞŶŐƚŚƐ͘ tŚĞŶ ĨŝůůŝŶŐ ƚŚĞ ĐŚĂŶŶĞů͕ ŝƚ ŝƐ
ĚŝĨĨŝĐƵůƚƚŽĂǀŽŝĚƚŚĞƉƌĞƐĞŶĐĞŽĨƚƌĂƉƉĞĚĂŝƌďƵďďůĞƐ͘ ůƚŚŽƵŐŚƚŚĞŝƌĞĨĨĞĐƚ ŝƐŵŝŶŝŵĂů
ŐŝǀĞŶ ƚŚĞ ƌĞůĂƚŝǀĞ ƐŝǌĞŽĨ ƚŚĞďƵďďůĞƐ ĐŽŵƉĂƌĞĚ ƚŽ ƚŚĞ ĐŚĂŶŶĞů͕ ƚŚĞǇ ĂƌĞƵŶĚĞƐŝƌĂďůĞ͘
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ĐͿ^ ϯ ĚͿ^ ϰ
ĞͿ^ ϱ ĨͿ^ ϲ
&ŝŐƵƌĞ͘ϭ͗ZĞсϬ͘ϱ͘
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